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I. INTRODUCTION
The topic of fractional differential equations has received a great deal of attention from many scientists and
researchers during the past decades; see [1-7]. This is mostly due to the fact that fractional calculus provides an
efficient and excellent instrument to describe many practical dynamical phenomena which arise in engineering and
science such as physics, chemistry, biology, economy, viscoelasticity, electrochemistry, electromagnetic, control,
porous media; see [8-13]. Moreover, many researchers study the existence of solutions for fractional differential
equations; see [14-16] and the references therein.
In particular, several authors have considered a nonlocal Cauchy problem for abstract evolution differential
equations having fractional order. Indeed, the nonlocal Cauchy problem for abstract evolution differential equations
was studied by Byszewski [17, 18] initially. Afterwards, many authors [19-21] discussed the problem for different
kinds of nonlinear differential equations and integrodifferential equations including functional differential equations
in Banach spaces. Balachandran et al.[22, 23] established the existence of solutions of quasilinear integrodifferential
equations with nonlocal conditions. N'Guerekata [24] and Balachandran and Park [25] researched the existence of
solutions of fractional abstract differential equations with a nonlocal initial condition. Ahmad [26] obtained some
existence results for boundary value problems of fractional semi linear evolution equations. Recently, Balachandran
and Trujillo [27] have investigated the nonlocal Cauchy problem for nonlinear fractional integrodifferential
equations in Banach spaces.
On the other hand, the theory of impulsive differential equations for integer order has emerged in mathematical
modeling of phenomena and practical situations in both physical and social sciences in recent years. One can see a
significant development in impulsive theory. We refer the readers to [28-31] for the general theory and applications
of impulsive differential equations. Besides, some researchers [32-36] have addressed the theory of boundary value
problems for impulsive fractional differential equations.
Motivated by the aforementioned works, in this paper, we deal with the existence of solutions of nonlinear boundary
value problem of fractional impulsive integro-differential equations:
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°D§ 1) = w(D f{5x(0, 2" () + L gltsxis))ds, 1<g=2,te] =] \{t, 10,5l

ﬁx|{=:‘,‘; o= I?\'('“:tk))-’ ﬁ""fl't:r;; - }k("'{rk})r t;c € {ﬁvi}' k = 1!2! — mw samEe {i '.I}
X0 — Bx™ (0 =0, ape{1l) +Fx"{11=0.

where rHEJ['Lis the Caputo fractional derivative, J = [0,1], w{t):]J = Rsis a continuous function,

f:] xR xR — R is a continuous function, g:J =] xR — R is a continuous function, Iy, J.:B — R are

continuous functions, @y, &2, 5, B2 ER and ayap +ay fy +oaffy # 0. Ax|e=y, = x(8)y — x(t)y  with

x(t)* = limpoo+ (e + ), x(tx)” = limpog-(x(t, + 1)),
k=123,..m 0=ty <ty <. <ty <tfy31 =1 Ax'|,=, has a similar meaning for x'(t).

The rest of this paper is organized as follows. In section 2, we present some notations and preliminary results about
fractional calculus and differential equations to be used in the following section. In section 3, we present the
expression and properties of Green's function associated with problem (1.1). In section 4, we get some existence
results for problem (1.1) by means of standard fixed point theorem. Finaly we shall give an illustrative example for
our results.

Il. PRELIMINARIES
In this section, we give some preliminaries for discussing the solvability of problem(1.1).
Definition 2.1. The fractional (arbitrary) order integral of the function k & LlU, R.)of order g € R is defined
by

1 [t ~
@—L (t —5)9 1h(s)ds,

where I'(. ) is the Euler Gamma Function.

13 h(t) =

Definition 2.2. For a function h given on the interval [, the Caputo-type fractional derivative of order g = 0 is
defined by

1 1
: @_ ] e — e - ] =
DM =rr— }; £ —)"~h™{sids, n=[q] +1,

where the function R{t) has absolutely continuous derivatives up to order {n — 1J.

Lemma 2.1 Let = 0, then the differential equation

Deh(t) =10
has the following solution

ME) = cptat +at+ - +op-pt®™Y, GERI=012,..n-1n=[gd+1

Lemma 2.2 Let == 0, then
19°D%, h(t) = h(t) + cg + 1F + 3t 2 + -+ Cropyt™ 2,
forsomec; ER, i=0,12,...n—1,n=[g] + 1.

We define the set of functions as follows
LetJ' = [0,1]\ {t1,t2, ..., £} and
PC[J, Rl = {x:] = R; x € C{{ty, fa1 ), R), 215 ) and xf £3) exist withxo{ £ ) = x(t,.),
k = '1.12;3; ey ﬂ.}
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PC[J, Rl = {x' € PC[}, R x'{t7 ) and x'{ 7} exist andx' isleft continuous at t,,
k=123,..,1]

Then PC[],R]is a Banach space with the norm
llxll pc = SuPrEj|x(t}| )
PC*[],R] is a Banach space with the norm

|2l pez = max{llx|lpe, 12" [lpc} -
I11. EXPRESSION AND PROPERTIES OF GREEN’S FUNCTION

Consider the following fractional impulsive boundary value problem :
‘De ity =0, 1< g2 t€h =\ {tnta.... 15,
A-T|t=f;- = !k(-’"(tk))l Ax' |t=t,‘¢ = }k(-‘.(tka}J B € {Dl-l}J =12 u,m, R (3'1}
2y (0} = Bx'{0) = 0, apal1) + fox' {1 =0.

Proposition 3.1 [36] The solution of problem (3.1) can be expressed by
ufl

{r—sg)a? {t,—s)e1
D) = I E o{s)ds +Zﬁu(t £} t! T s{sods
£ — 53
Z{m 3 [ B0 s )ds+26u(r,n}f¢£x{ro}
Gt £D7:AE0) te e Breasd youe wonren e {3.2)
i=1

k= 0,1,2, v T, tu = ﬂ_. tﬂ-'l'l =1.

where

- _l (ﬂi + “16(“2 +8, - ﬂg.'i':), tes,
e ??{(ﬂi . ﬁmf)(ﬂg.'l' B - tzg,t:l, Fut, e vee soe e ( 3.5)

and
n=ayee, +af, +a,fy (3.4)

Proof:
suppose that x is a solution of (3.1). Then, for some constants by, by € R, we have

x(t) = I3, 0(t) — bg — byt

_J; {r— H‘g‘z— als)ds —bg— byt £ € [0 cere v e e 3.5)

X = j il _zrr(s}ﬁ!s s (36)

If t € (ty,t,], then for some constants €5, ¢4 € R we can write
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By -1
x(t) = J; %J{S} ds —cp— ¢yt — 1),

r -1
x'(t) = j @ P(S}} ol(s)ds —

Using impulse conditions Ax|.=,, = I (x(t1)), Ax'|.=, = J1(x(t1)),

—Cp= 1:* e o{s)ds — by — by + 1 {xlt,)),

Mg}
el —5)7
~a=| -0 6‘(5)113 by + Ju{xft,)).
Thus
“ff— 5)a1 it — )93t —1) (K- =
9 - e TQ) ds}d”L ( Me-1 = @ )5@“ il

+ Juafe e — ) + Bl )

ro= [ Serotaas + [ (S ) otodas -0+ Rote).

If € (ty, ty+1], repeating the above procedure we obtain

o = [ £ d«:is}d *Zf (B2 + S35 Jetwras—s
Elme

B Mg
®
ot YRN8 + P H0D) 67
= =1

It follows that x(0) = —b,, x'(0) = —b, and

XD = fiﬁ = -io'(,s)ds"'ifq (mﬂ)ﬂﬁ_ﬁh (r*_ari)ﬂs}ds—ao-bi

Ne—-1) Mg
+ th(-“(re))(i -t + Zfe {lt),
i=1
i - -
#(0 = [ S22 otas +Z f (""E 2 Jotsras- bﬂZﬂ(x{n})

=1

By the boundary conditions, we have
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(1 sje {£, — S}E ‘(‘1 -3 (g —s)at
f o otsds +Z [( P )o‘(s}ds

tn

*
3 Z Jhxele 1 -2+ Zﬁ(—‘l{ﬁ))]
=1 -

1.1(11_( : s}ﬂ o{Sds +Z f (irf 531) )0'(3:1115+Z}g(1{r,}}]}(3£)

=14 t=1

bi:% [ﬂfz_a'g[ {1- .S) 10‘(5}0! +Z J'((E'.: 3}1 -:(1 t,}+(g-§ D(‘;jj;—i)ds:;ds

1
bpg=—1m
o ”[Zﬁ

+

- Z{h(ﬂ:ﬁ})ﬂ -+ ZI i'(""(t'f))‘

n f
Ii(:.( qS}r*a{s}n‘ +Z J" ((?( s)e )gﬁ}ds+21§(x{t,}}]}(3,gj

=iep, =1

+ ﬁlﬁg

where 7 is defined in (3.4).
Substituting (3.8), (3.9) into (3.7), we obtain (3.2). This completes the proof.
Proposition 3.2 Forall t,s € J, we have

2(18.a,| # laya,|) + 18,8, + lay s 210
i ;

Proposition 3.3 Forall t,s e J,we have

I6,(2,5)] =

F Iﬁ;ﬂgl'l' Iﬂtiﬂ'gl |¢1ﬁ |+7|ﬂ'1ﬂ'ﬁ|
16" (t,5)| = ma { — ,
u(&:) Iyl Il
J
|Bacy|  2lagcs| gyl + gyl
4|Gfk(t’5)| Smax-{ﬁ‘ 1 1@3 : By 182 S 311
Inl Il
&yl
and IG”m(t,s:}|=%.
L
for the sake of convenience, let
2(18, 25| % oy |) + + la
oo KBzl layasD + 18,01 + eyl i

x|
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Qo | + |Ea| | la] + 2| s [
. = mas {lﬁi | % layay| ayfyl % 2lay _I}’cﬁ lawl oo

I3l ’ Il I
Then it follows from (3.5)-(3.8) that

16, (£ S ¢, |6 (69| € 60 |61(89)] S 0 |6 (6D | S ey e (3:14)

Definition 3.1 A functions xe PC[J,R] nC? [!', R] with its caputo derivative of order g existing on J is a
solution of problem (1.1) if it satisfies (1.1).

We give the following hypotheses:
(H;) w =] — [0, +2=)is a continuous function and there exits t; £ J such that w(t,) = 0;
(H,) g : ] x ] x R — R is continuous function;
(Hs) f: ] X R x R — R is continuous function;
(Hy) I, Jx:R = R are continuous functions.
It follows from Proposition (3.1) that

Lemma 3.1 If (H;) — (Ha) hold, then a function xePC1[J,RINC2[J", R] is a solution of problem (1.1) iff

x € PCL[],R]is asolution of the impulsive fractional integral equation.

S i

w) m | [wk)f(s,xis}, () + f ols, M{a})dc:-']ds

o

’il Gy, (8,1 f - [w(sjf(s,x{s}. ' {s)) + f 9(s, a‘,x{g})ﬂla'] ds
=1 «:-;_. u
Z Gyt 1) J’ &E

-1

+ Z Gy, $5 t0T{alE)) — ZG:L‘:!-} toffded),  felfutisd) k=012,
=1 i=1
ﬂ'g. - D, I:u-l-l = I v e :.-(3.15_)

[ &)f(—sr ﬁs}l {53} + f (—51 Fyﬂa}}dﬂ':l as

Define T: PC[J,R] = PC*[J,R] by
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Fir— ot r
{rais = . wDf{s,x{s),x"{s)) + J o(s.0, x(a))dar] ds

53
aFl

;@,(r 2 f

(-3t f
wlDf{sxls), x'(s)) + f gis,xie))ds| ds

G20 f“‘ 531) [w(sjffﬂ,t{s}, )+ | g(s,a',x{a'}}da] s

!'1 fimz
+ 3 6 ranetd) - Zmr rIaed),  reltutiss),
i=1
k=012 .1  tg=0tm1=1. 0w ..(3.16)

Using Lemma (3.1) , Problem (1.1) reduces to a fixed point problem x = Tx , where T is given by (3.16).
Thus, The problem(1.1) has a solution iff operator T has a fixed point.

Lemma 3.2 Assume that (H;) — (Hs) hold.Then T : PCL[J,R] —= PC1[], R]is completely continuous.

Proof:
Note that the continuity of f, g, @, I;, and J; together with G (£, s)and G, _ (%, 5) ensures the continuity of
T.

Let N2 = PC[], R] be bounded. Then there exists positive constants gy, 2, pt3 and pis such that
If(tix(t}r xi‘:t)l = #H1, |9(tr sl-r(s}l = #z, |I'|lr£-’f-‘}| = #a ,ﬂﬂ.d’, Uk{x:}l = g Ve ).

Thus ¥xe ), we have

HTH(E)] = f &%q};_i ()| s, x{, x" ()| + I |afs, a.x(a)}lfif]ds
R

«aFl

& _ - 5
+ Zlq;(t, £ f u[.«.«uts:a|f{s,.w:s::,.:m:s})| + f o6, a,.x-(aa}w] ds

i=1

N |Gt ) "‘ |t s s, 243 + |g(s,a, +{e3)\do|ds
D

i= 1

~ Zl G {5 £ Iffix{rg))l - Zl Gt 1 |1z

i=1 =1
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Vil s i . 1 )
*Ta +1}ﬂL “Infg+1)  n{g+ 2
\ Yoty 1 1]
+Z|@'}&'t¢3|[ﬂ +13 2~[r|(q+.1}+r(q+2}]]
~ | ¥ 1 A | 5
+;lﬁ.(tyt¢3l [mﬂiz [ﬁ;j'l'ﬂmy]] +;£3;|61,(t, A +£&4;|61{m¢)|
" {m‘i 1+én+ '.chJ " ney = 1+in+ 1, +ng 1+én+ 1.}:;_]
Mg " Te+0 TR Ng+1 Mg +2
+pgne, + pancy: = e, e 3.17)
Where ,
Y= ‘?5“’“) . (3.18)

Further more, for any telty,tysq]

ool [ S “w(s}f(s. 1@ @)+ [ loGoatolac]as
Mel ([,'
Zw;;.(t, £l f B ottt v+ [ lotsen r(a})lc:a] s
i=
S t {ty —s3 p
;lﬁ 18 1) 5 ,.W [| {DFs,x(2), x*{s))| + j: |ots, ax(c))|do| ds
3 Zquf,e(t 31|k xle )| + ZIG{R& g [Jeoele )|
i=1 =1
< [ 1 P 1 1+-§|@‘;&r3|. ¥ily [
*TNo g T+l Ly _1"(4'+13 Mg +1) l'\(q+ 2}1
S . Yy 1 .
+;|61¢(r, &) [N S+ r(q)+ D ]‘l'ﬁa Zlﬁ“(r, £ +u4;|G1f£r, £
" | (n+ 1):':5 nes Sl |:l+nc; 1+in+ Loy +ne, +(n+ ey
Y NS T +D Tig ) g +D Tg+D
tpzneg + panc,:= @, . (3.19)
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On the other hand, From (3.5) for ty , t3 € (ty,trsq] with t; < t;, we have
H::

(P Ce) — TN € | WEYED ds S lta — 1) e e {3.20)
=3

It follows from (3.17),(3.19) and (3.20) that T is equicontinuous on all subintervals
(t,txs+1],k = 1,2 ...n. Thus by Arzela-Ascoli Theorem , the operator T : PC1[J,R] = PC[], R]is completely
continuous.

To prove our main result,we need the following lemma.

Lemma 3.3 (Schauder Fixed point Theorem)
Let I be non empty, closed, bounded, convex subset of a banach space X , and suppose that T: I} = I} is

completely continuous operator. Then T has fixed point x € D.

IV. EXISTENCE OF SOLUTIONS
In this section we apply Lemma 3.3 to establish the existence of solution to problem (1.1).
Let us define

_ If i x )l _ lglt,sx)|
f*‘u&\’}h;:(‘?ﬁ" |x|+|y|)'f=~‘|il‘l‘«(“13§f‘ %] )

150 )

lx] x|

" k=12....1

St -3

= lim
| . ﬂ Ix*—iﬂ
Theorem 4.1 Assume that (H;) — (Hs) hold. Suppose further that
6=max{61,62}{‘l (4.1)

Where

A neg 1+in+le ne 1l+a+Ley+ng 1+i+le
1‘2*’*'1{@* Mg+ D J* o™ Te+D | T+ J"’H“‘i*‘““ﬁ

and

R 1+ne; @+l l+ag 1+in+lg+ag G +Lo] »
w2 2}”?1{ n:q} + n:q_'_.l}J ‘f? rl{q} l"{q+‘.l.} r‘(q+2}J+‘¥3ncﬂ+§4ﬂ52

Where ¥ is defined in (3.4). Then problem (1.1) has atleast one solution x € PC*[J,RINC2[J',R].

Proof:

We shall use Schauder’s fixed point theorem to prove that T has a fixed point. First, recall that the operator
T : PC[],R] = PC*[],R]is completely continuous (see the proof of lemma (3.2)).

Volume 5 Issue 4 August 2015 203 ISSN: 2319 — 1058



International Journal of Innovations in Engineering and Technology (IJIET)

On account of (4.1), we can choose &; = &, & = &3, &3 = &3 and &, = £, suchthat

. | ne ‘1+{n+1}¢.‘n | ne 1+{1‘L+1)Eg+ﬂ51 1+{n-+Deg| |
=i mgt Ne+D J £ r(q} Mg+ | Mg+ J Fancs

+&gney o {4.2)
and
o |[1Hne 4+ De|, |, |1+ne 1+m+Dog+ne i+ Dl |
=TGN Rg T rern Tged] T
-+ {'41‘16’5 T T E‘é‘.ﬂ)

By the definition of &3 , There exists I = 0 Such that
17t x| < &(xl +1yD, VEe],|xl +yl =1,

So
P SEx] + Iy +My, VEEL,BFER, meurrerrer sm (49

Where

| = rejflxﬁﬁyliilf(t’x’y)l < +oo

Similarly , We have

| g(t, s, x)| = {;le + M, (4.5)
{]Ik(x)[ sE[x+M,, ¥xER,E=12..n (45
hbod| s 5lxl + 35, YXER k=12..0
Where M, , M, , M, , M, are positive constants.
It follows from (3.17) and (4.4)-(4.6) that
o) s [ L = }) )| Fls (D, x ()| + f lots,,x(e))|az|ds
= «udl (1.'
Z'Gh(t 2% | f ‘ r.u{s}| f{s, .1'(5),.r'€3})| - f|g{s, o‘,:::{a‘}}|da' ds

!

;m& & (te -9 [ 9l x990 + [ lots ot

+ Zm,(z, £ leted) | + Z| NN

i=1 =1
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i

4

[r(ﬁ(lxl + v+ M+ f{§2|x| + Mde|ds
(n

n'lli

AT [

t

Zlmmmf "" otk [y({'i(lx|+lvlj+M,_}+ [[ e+ ae]as

[}f(ﬁ(lxl +v3 + M)+ f (& |x] + M;}:t:r] ds

+Z|a;,(z. te)I'E{éIIHM;aHZIG;{r, 1431l + )

=1 =1

1 il o 1 1 1]
S ey raetlalace +3) + (5 lscs + 33 [ s+ )

+{n + Ve [ﬁ[ﬁ%{llx llpce + My)]

R x Mz}[l"(qi+ o I‘(c11+ 2}}]

+1cy [l"(iq'} (28] llxllpce + M) + (&2 |1l pee + M) [T‘l?.q} + I'qu-.l- 1:;]]
+ nepfEllxllpes + M) + ney €ES x| pee + 35

< 8y llxllper + M@ et et e et e (4.7)

Where 6{ is defined by (4.2) and M@ s defined by

MO =y, ney 1+(n+1)cJ Mz nc,_ 1+(n+1)c;+n:,_ 1+{n+1c

g g+ Mg +1) " Ne+D J"'M*mh
+Mkﬂfl

Similarly, from (3.11) and (4.4)-(4.6), we get

TOHD)| = L I‘( 1) w(S)If(s,x(s}, {s))| + r |o€s,5,x(c))|do|ds
n=l

Zm;-::-«:r,ral f (”* — bl et w6 + j‘ |ots.2,x(e))|dz|as

t

+Sletnel f (= 3}-
-J.

{

[ ()| s, (), 27 =)) | + f |g{s,a,x<:a3}|aa]as

+ Zm;;,(t, £ l1xte)| + Zmeae{r, £l [7e{eted)]

i=1 =1
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= J;:;(qﬂ — [rfﬁ(le |30} + M) + r(§2|x|+Majda-:|ds

nsl
+ ZWE&:&J’M (td [}’(Eg_{ltl +v3+ MO+ f{{‘ x| + M;}da‘] ds
= -z

Z;"’““*‘" [(& ‘*‘ ke [r(fi{lx|+lvl}+M1}+ [ tiat + 2] as

chr DI +M;;>+Z|fs RN ANES A

=1 =1

1
+ 2.

1 _ g ) 1
sm[y(z.flll.xll pee + M) + €5 ||xllpoe + M) [n{ 7+ 0 + g
+{n+ Le; lﬁ[}’@f{”x"pﬂ- + My )]

# Qlvlzce + Mﬁ[ﬁ+ﬁ]]

sa [ﬂ% (22l + 301 + e + M3 5 + 13]]

+neafEhllxllpee + M) +neafEllxllpee + i)

= 8 llxllper + M@ (4.8)

Where &3 is defined by (4.3) and M @) js defined by

- 1+ac o+l 1+ne 1+in+Deg+ne o+ D
M =y =+ +M =+ =+ + My
g TTen]” | T Mg +1 Mg+2) | —xee
+ﬂkﬂ€3

It follows from (4.7) and (4.8) that

ITxlpc: = &' |ITxllpce + M',¥V x € PCY[],R]
Where

8" =max{8], 8} <=1, M =max{M P M}
Hence, we can choose a sufficiently large * = O such that T(B,.)  B,., where

Erz {xEPCl: ”x”_pcl q_:?"}
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Consequently, Lemma 3.3 implies that T has a fixed point in B,-, and the proof is complete.

Remark 4.1
| Fltxy)|
|2l # 3

=l

Condition (4.1) is certainly satisfied if — 0 uniformlyint €] as |x| + |y = 4o,

la(tsx(s) ]|

|l

FPLES]
| x|

— 0 uniformlyin 5,2 €] as |x]| = +oo, =0 as |x] = +om,

=0 as |x| = +w,(k=12..n)

V. EXAMPLE
To illustrate how our main result can be used in practice, we present an example
We consider the following boundary value problem:

=(z=t) x,: 5}

*’p@_,_ WE) = by 3 [bl\ Dot =y x' -l.r‘ —-bal {1+ x*‘)] z

20

A r|b_=-§ =%"¢-(%)' A.‘r‘|t_ =:i=%;r(%), SRR SOOI, 1. |
WM =x1)=0.

Here g = § ,n=1,by,by, by, by are positive real numbers.
This problem has atleast one solution in
PC,RIN €2 [J',R] Where ' =[0,2) U (3,1].

-
&

Proof
It follows from (5.1) that
w(t) = by te ,

e .'f'-'-'-'.-' _x{sj

. o 1
FiEax Y= b it —x +x ——=x' — bl {1+ 2%, gfs s,.x{s}:} ———

23
1 1
tj_:E_. fj_(x} =ﬁx_. _,Fj_(x} =gx_. 0y = g =1_. ,El —ﬁ =0Q.
From the definition of w, f, g,I; and ], , itis easy to see that (Hy) — (H,) hold. So

cfl_— cf_ fii,f‘;EE.Wehaven:iand
piv] &
_ [sl-n,0=s=1t=1, { D=s=t=1,
Gl =—l(1-s)ozt=s=1, Get)=Q(s_1), 0=t=s=1,
(t—1), 0=s=t=1,
6.(69) ={ 0SSSISY GLa9=1

Therefore, ¢; = :11 €, = ¢3 = 1, and therefore (4.1) is satisfied because

s O . 32 11 s 2 52 %
YT 125G 2407 YT 30Wm 125w 15
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12 52

—+——+—<1
304w 1254w 15

Thus, our conclusion follows from theorem 4.1.
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