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I. INTRODUCTION

“In-between” thinking, e.g., Between integers there are non-integers, Between logic 0 and logic 1, there is the fuzzy 
logic, Between integer order splines, there are “fractional order splines”, Between integer high order moments, there 
are non-integer order moments, Between “integer dimensions”, there are fractal dimensions.

The Fractional Order Calculus (FOC) constitutes the branch of mathematics dealing with differentiation 
and integration under an arbitrary order of the operation, i.e. the order can be any real or even complex number, not 
only the integer one [1], [2], [3]. Although the FOC represents more than 300-year-old issue [4], [5], its great 
consequences in contemporary theoretical research and real world applications have been widely discussed 
relatively recently. The idea of non-integer derivative was mentioned for the first time probably in a letter from 
Leibniz to L’Hospital in 1695. Later on, the pioneering works related to FOC have elaborated by personalities such 
as Euler, Fourier, Abel, Liouville or Riemann. The interested reader can find the more detailed historical 
background of the FOC e.g. in [1].

According to [4], [6], the reason why FOC remained practically unexplored for engineering applications 
and why only pure mathematics was “privileged” to deal with it for so long time can be seen in multiple definitions 
of FOC, missing simple geometrical interpretation, absence of solution methods for fractional order differential 
equations and seeming adequateness of the Integer Order Calculus (IOC) for majority of problems. However, 
nowadays the situation is going better and the FOC provides efficient tool for many issues related to fractal 
dimension, “infinite memory”, chaotic behaviour, etc. Thus, the FOC has already came in useful in engineering 
areas such as bioengineering, viscoelasticity, electronics, robotics, control theory and signal processing [6]. Several 
control applications are available e.g. in [7], [8], [9].
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II. BASIC CONCEPTS OF FRACTIONAL ORDER CALCULUS

Several applications of fractional calculus can be found the area of control systems. Fractional calculus 
allows the derivatives and integrals to be of any real number. The fractional-order differentiator can be denoted by a
general fundamental operator aDt

q as a generalization of the differential and integral operators, which is defined as 
follows

aDt
q   =

Where is the fractional order which can be a complex number, the constant ‘a’ is related to the initial conditions. 
There are two commonly used definitions for the general fractional differentiation and integration, i.e., the 
Grünwald–Letnikov (GL) and the Riemann Liouville (RL) definitions (Oldham 1974).

The GL definition is given below:

aDt f(t) = Where is an integer

While the RL definition is given by:

aDt f(t) = 

Where n is an integer and is real a number. (x) is the well-known Euler’s Gamma function. Also, there is another 
definition of fractional differ integral introduced by (Caputo 1967).

Caputo’s definition can be written as:

c
aDt f(t) = 

Fractional order differential equations are at least as stable as their integer order counterparts. This is because 
systems with memory are typically more stable than their memory-less alternatives.

III. APPLICATIONS OF FRACTIONAL CALCULUS IN CONTROL

Classification of dynamic systems according to the order of the plant and the controller can be done as: 
i) IO (integer order) plant with IO controller 
ii) IO plant with FO (fractional order) controller

(Example1)
iii) FO plant with IO controller (Example 2)
iv) FO plant with FO controller. 

International Journal of Innovations in Engineering and Technology (IJIET)

Volume 6 Issue 4 April 2016 535 ISSN: 2319 – 1058



3 
 

From engineering point of view, doing something better is the major concern. This review article will show 
two examples that the best fractional order controller outperforms the best integer order controller. Then, we try to 
argue why consider fractional order control even when integer (high) order control works comparatively well

EXAMPLE-1: FO CONTROLLER FOR IO PLANT

In this Example, we focus on using FO-PID controller for an IO plant - “DC-Motor with elastic shaft”, a 
benchmark system from (Mathworks Inc., 2006). Detailed results can be found in (Xue et al., 2006).

a. Best IO PID vs. Best FO PID
We used constrained optimization routine to search for the best controller

parameters. Two optimization criteria are used. One is ITAE (integral of time-weighted absolute error) and another 
one is ISE (integral of squared error), where the constraint is the maximum torque less than Nm. The reference 
signal is the unit step function.

For the optimally searched IO PID using ITAE,
Gc1(s) = 41.94 + 8.26s;

For optimally searched IO PID using ISE,
Gc2(s) = 110.09 + + 30.97s

Fig. 1 shows the responses to unit step of the angular position controlled by two integer order PID controllers Gc1(s) 
and Gc2(s), respectively with the Bode plots of the open-loop controlled system shown in the same figure.

Fig. 1. Best IO PID Controllers. Solid line: ITAE; Broken line: ISE

Now let us look at the best FO PID controllers. As the f = 0.5 and μ = 0.6. Doing the 
numerical search, we get the best ITAE of 2.22 and the corresponding fractional order PID controller is

Gc3(s) = 135.12+ – 31.6s0.6;

For optimally searched IO PID using ISE,
Gc(s) = 61.57 + + 2.33 s0.6

The step responses are compared in Fig. 2 with corresponding Bode plots.
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Fig. 2. Best FO PID Controllers. Solid line: ITAE; Broken line: ISE

The observation is clear. The best FO PID performs better than the best IO PID. This is not surprising but this may 
not be fair since FO PID has two more extra parameters in optimal search.

EXAMPLE-2: FO CONTROL FOR FO PLANT
In this section, we consider a class of evolution systems described by the one-dimensional time fractional 

wave equation subject to a fractional order boundary controller. Via hybrid symbolic and numerical simulation and 
parameter optimization, we confirmed that the fractional order boundary controller not only can stabilize the 
fractional wave equation, but performs better than an integer order boundary controller as well. Detailed results can 
be found in (Liang et al., 2004b, 2005).

a.Problem Formulation
We consider a cable made with special smart materials governed by the fractional wave equation, fixed at 

one end, and stabilized by a boundary controller at the other end. Omitting the mass of the cable, the system can be 
represented by

u (0,t) = 0, (2)

ux (1,t) = f(t), (3)

u (x,0) = u0(x), (4)

ut (x,0) = v0(x), (5)

Where u(x, t) is the displacement of the cable at x [0, 1] and t 0, 
f (t) is the boundary control force at the free end of the cable, 
u0(x) and v0(x) are the initial conditions of displacement and velocity, respectively. 

The control objective is to stabilize u(x, t), given the initial conditions (4) and (5).We adopt the following 
f (t) (see(Mainardi and Paradisi, 1997) and 

(Mainardi,1996)),

(6)

where the * denotes the time convolution between two functions.

In this paper, we study the performance and properties of controllers in the following format:
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(7)

where k is the controller gain, μ is the order of fractional derivative of the displacement at the free end of the cable. 
When μ = 1, the controller (7) is called integer order controller and has been widely used in the boundary control of 
wave equations and beam equations (see (Chen, 1979), (Conrad and Morg¨ul,1998), and (Chen et al., 1987)). The 
effectiveness has also been verified when applied to the boundary control of fractional wave equation in (Liang et 
al., 2004a). When 0 < μ < 1, can controller (7) stabilize the system? What advantages does a fractional order 
controller have over integer order controllers?

b. Performance Comparison
To test if fractional order boundary controllers can be used to stabilize the fractional wave equation, the 

following three different systems were simulated

0.9.

All cases have the same initial conditions
u0(x) = x), v0(x) = 0. (8)
For integer order boundary controllers (μ = 1),we seek the best gain k to

= max abs (u (1, t)), t [ tf f ]  Subject to: k > 0.
For fractional order boundary controllers (0 <μ 1), the task to find the best gain k and the fractional order μ to 

= max (u (1, t)), t [ tf f ] Subject to: k > 0 and 
0 < μ 1. In the above optimization tasks, u(1, t) is the displacement of the free end of the cable; tf is the total time 
of simulation; T is the time period to optimize within the time interval [tf f] which is determined by trial-and-
error. The optimization program we chose is SolvOpt (see (Kuntsevich and Kappel, 1997)), a free program for local 
nonlinear optimization problems.

In fractional order controller given by,
Gc(s) = Kp + Ti s- + Td sμ

(where Kp, Ti and Td are proportional, integral and derivative gains respectively) more parameters need to be tuned. 
It‘s unfair but, theoretically, always better than integer order controller.

Fig.3 PI Dμ controller: from points to plane

Many control objects are fractional-order ones, so that the fractional approach for control of the fractional-
order systems becomes a meaningful work. This approach (as shown in fig.3) has changed the point based control 
scheme to plane based scheme. Achieving something better is always the major concern from control engineering 
point of view. Existing evidences have confirmed that the best fractional order controller outperforms the best 
integer order controller. It has also been answered in the literature why to consider fractional order control even 
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when integer order control works comparatively quite well [11]. Since integer-order PID control dominates the 
industry, it can be believed that fractional order-PID control will gain increasing impact and wide acceptance.

IV. STABILITY OF FRACTIONAL ORDER SYSTEMS

Obviously, the stability is the very fundamental and critical requirement during control system design. It is 
widely known that an integer order continuous-time linear time-invariant system is stable if and only if all roots of 
its characteristic polynomial have negative real parts. In other words, the roots must lie in the left half of the 
complex plane. Investigation of stability of the fractional order systems represents the more complicated issue [6], 
[12].

For example, the stability of commensurate fractional order systems can by analysed via the theorem of 
Matington [12] or the definition from [6], which describes the way of mapping the poles from s plane into the w-
plane. An interesting result is that the poles of the stable fractional order system can be located even in the right half 
of such complex plane. This is illustrated in Fig. 4 where the stability region for a commensurate fractional order 
linear time-invariant system with order ].

Fig. 4: Region of stability for the commensurate fractional order system with

V. FRACTIONAL ORDER CONTROLLERS (FOC)

The fractional order PID (FOPID) controller is the expansion of the conventional PID controller based on 
fractional calculus. For many decades, proportional - integral - derivative (PID) controllers have been very popular 
in industries for process control applications. Their merit consists in simplicity of design and good performance, 
such as low percentage overshoot and small settling time (which is essential for slow industrial processes). Owing to 
the paramount importance of PID controllers, continuous efforts are being made to improve their quality and 
robustness. In the field of automatic control, the fractional order controllers which are the generalization of classical 
integer order controllers would lead to more precise and robust control performances. Though it is reasonably true, 
that the fractional order models require the fractional order controllers to achieve the best performance, in most 
cases the fractional order controllers are applied to regular linear or nonlinear dynamics to enhance the system 
control performances. Historically there are four major types of fractional order controllers: (Xue and Chen, 2002)
1. CRONE Controller
2. Tilted Proportional and Integral (TID) Controller
3. Fractional Order PI D Controller
4. Fractional Lead-Lag Compensator

5.1 CRONE Controller

CRONE is a French acronym for fractional order robust control. By the use of these controllers it is 
possible to ensure almost constant closed loop characteristics and ensure small variation of the closed loop system 
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stability degree in spite of the plant perturbation and uncertainty in model parameters. It has a frequency domain 
design methodology employing fractional differentiation. It is possible to control minimum and non-minimum
plants, unstable, time varying and non-linear plants with this controller. There are 3 generations of CRONE control 
successively extending the application fields. Some applications of these controllers have been in the domain of 
flexible transmission, car suspension control, hydraulic actuator (oustaloup et al. 2006.)

5.2 Tilted Proportional and Integral (TID) Controller

The object of TID is to provide an improved feedback loop compensator having the advantages of the 
conventional PID compensator, but providing a response which is closer to the theoretically optimal response. In
TID scheme the proportional compensating unit is replaced with a compensator having a transfer function 
characterized by 1/s1/n or s-1/n. This compensator is herein referred to as a “Tilt” compensator, as it provides a
feedback gain as a function of frequency which is tilted or shaped with respect to the gain/frequency of a 
conventional or positional compensation unit. The entire compensator is herein referred to as a Tilt-Integral-
Derivative
(TID) compensator. For the Tilt compensator, n is a nonzero real number, preferably between 2 and 3. Thus, unlike 
the conventional PID controller, wherein exponent coefficients of the transfer functions of the elements of the
compensator are either 0 or -1 or +1, TID scheme exploits an exponent coefficient of -1/n. By replacing the 
conventional proportional compensator with the tilt compensator of the invention, an overall response is achieved
which is closer to the theoretical optimal response determined by Bode.

Fig. 5. Tilt-integral-derivative controller

5.3 Fractional Order PI D Controller

PI Dμ controller, also known as PI controller was studied in time domain as well as in frequency 
domain. In general form, the transfer function of  PI is given by

C(s) =   = kp+ kis- + kd (9)

Where and are positive real numbers, kp is the proportional gain, i is the integration constant and d is the 
differentiation constant. Clearly, taking = 1 and = 1, we obtain a classical PIDcontroller. If = 0 (ki = 0) we 
obtain a P controller, etc. All these types of controllers are particular cases of the PI controller. It can be 
expected that PI controller may enhance the systems control performance due to more tuning knobs introduced. 
Actually, in theory, PI   itself is an infinite dimensional linear filter due to the fractional order in differentiator or 
integrator.
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Fig.6. FO-PID (PI Dμ) controller (where, 0 

5.4 Fractional Lead-Lag Compensator

Lead compensators are mostly used to stabilize marginally stable systems. Lag compensators are 
mostly used to reduce the magnitude of the high frequency loop gain of the system. The use of fractional order 
elements in this lag-lead compensator gives greater flexibility to designer, to shape the loop frequency responses 
since the order of the filter can take any real value instead of only integer values the transfer function of a generic 
FO lead-lag compensator is given by (Monje et al. 2004) 

C(s) = Kc = Kc x

VI. INDUSTRIAL APPLICATIONS OF FRACTIONAL-ORDER PI CONTROLLERS:

FRACTIONAL-ORDER PI CONTROLLERS

1. INTRODUCTION

Podlubny (1999) proposed a generalization of the PID controller, namely the PI controller, involving an 
integrator of order and a differentiator of order He demonstrated the better response of this type of controller, in 
comparison with the classical PID controller, when used for the control of fractional- order systems. A frequency 
domain approach using fractional PID controllers is also studied in Vinagre et al. (2000a). Further research activities
are underway to define new effective tuning techniques for non-integer-order controllers by an extension of the 
classical PID control theory (see Monje et al., 2005 for additional references).

2. TUNING BY ROBUSTNESS DESIGN SPECIFICATIONS

In this section several interesting design specifications are described for the fractional controlled system. The 
objective is to obtain a controlled system robust to plant uncertainties. Other considerations include noise and 
disturbance rejection. In this work the specifications considered are:

Steady-state error cancellation. The fractional integrator s(- is, for steady-state error cancellation, as efficient as 
an integer-order integrator. So, this specification is fulfilled with the introduction of the fractional integrator.

Phase margin ( m) and gain crossover frequency ( cg) specifications. Gain and phase margins have always served 
as important measures of robustness. It is known from classical control that the phase margin is related to the 
damping of the system and therefore can also serve as a performance measure. The equations relating the phase 
margin and gain crossover frequency are:

Arg(C( j cg )G( j cg )) = - m (10)

cg cg )|dB = 0dB (11)
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Gain margin (gm) and phase crossover frequency ( cp) specifications. The gain margin can be taken as one of the 
main indicators as far as robustness is concerned. The next relation is given for the gain margin and phase crossover 
frequency:

= gm (12)

Robustness to variations in the gain of the plant. To this respect, the next constraint can be considered (see Chen et 
al., 2003):

(13)
where F(s) is the open loop system. With this condition we force the phase to be flat at cg and so, to be almost 
constant within an interval around cg .It means that the system is more robust to gain changes and the overshoot of 
the response is almost constant within the interval.

High frequency noise rejection. To ensure good measurement noise rejection:

  AdB for t rad/s 

= AdB                (14)

where A is the desired noise attenuation for frequencies t rad/s

Good output disturbance rejection. A constraint on the sensitivity function can be defined:
  BdB  s rad/s

= BdB (15)

with B the desired value of the sensitivity function for frequencies s rad/s (desired frequency range).

Limitation of control effort. Making use of the sensitivity function, to fulfil this constraint the next condition must be 
considered:

  RdB for cg rad/s 

= RdB                (16)

with R the desired limitation for the control effort.

A tuning method for a fractional-order controller is presented here, so that some of the specifications commented 
above can be fulfilled. For the fractional PI controller up to five design specifications can be met, since there are 
five parameters to tune: kp, kd ,ki, nd . A set of five nonlinear equations (corresponding to the specifications) with 
five unknown variables (parameters of the controller) has to be solved in this case. For fractional order controllers 
such as a PI or a PD three design specifications could be met (one for each parameter). That is, we can take 
advantage of the fractional orders and to fulfil additional specifications or requirements for the controlled 
system.

3. AUTO-TUNING

.3.1. Initial Considerations for Auto-auning of Fractional Controllers

As commented earlier, one of the purposes of this work is to present the auto-tuning problem for fractional-order 
controllers. The final aim is to find a method to auto-tune a fractionalorder PI controller, formulated as:
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C(s) = KC x (17)
As can be observed, this controller has two different parts given by equations (18)
and (19).

PI (s) = (18)

PD (s) =  KC x   (19)

Equation (18) corresponds to a fractional-order PI controller and equation (19) to a
fractional-order lead compensator that can be identified as a PD controller plus a noise filter.
Some considerations have to be taken into account concerning the auto-tuning method for this fractional-order 
structure:

a. The simplicity of the auto-tuning method is an important goal to achieve, since it is the aim to implement it for 
industrial applications by using, for instance, a PLC (Programmable Logic Controller) or a PC with a data 
acquisition board. That is, the tuning rules for the parameters of the fractional-order controller must be given by 
simple equations and computable within a sample time appropriate for the PLC or the PC with data acquisition
board and for the plant.

b. It would be convenient to apply the relay test to obtain experimentally the 
information of the plant, due to the reliability of this method.

This considerations are taken into account in the auto-tuning method presented here, which besides aims 
the robustness to plant gain variations of the controlled system.

Fig .7. Relay Test for Auto-tuning.

3.2. Auto-tuning of Fractional-Order PI D Controllers

There are a wide variety of auto-tuning methods for integer controllers. Some of them aim in some way the 
robustness of the controlled system, for example, forcing the phase of the open loop system to be flat around the 
crossover frequency so that the system is robust to gain variations (see Chen et al., 2003). However, the complexity 
of the equations relating the parameters of the controller increases when some kinds of robustness constraints are
required for the controlled system. The implementation of this type of auto-tuning method for industrial purposes is 
very complicate since; in general, industrial devices such as a PLC cannot solve sets of complex nonlinear 
equations. In this respect, the auto-tuning method
Proposed here allows flexible and direct selection of the parameters of the fractional-order controller, using the relay 
test and following a flat phase robustness criterion.

The relay test method consists on the use of relay feedback (see Fig 7). This way, processes with the 
dynamics typically encountered in process control will then exhibit limit cycle oscillations and the auto-tuner will 
identify one point on the Nyquist curve of the process from the experiment. When the operator decides to tune the 
controller, he simply presses a button starting a relay experiment. The relay feedback causes the output to oscillate
with a controlled amplitude. The frequency of the limit cycle is approximately the ultimate frequency at which the
process has a phase lag of 180 . The ratio of the amplitude of the limit cycle and the relay amplitude is 
approximately the process gain at that frequency. Thus, a point on the Nyquist curve of the open loop dynamics 
close to the ultimate point is determined.
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As commented earlier, the fractional-order PI D controller of equation (17) has two different parts given 
by the fractional-order PI controller of equation (18) and the fractional order lead compensator of equation (19) that
can be identified as a PD controller plus a noise filter. In this method, after having obtained the necessary points in 
the frequency response of the plant to be controlled using the relay test (see Chen et al., 2003), the fractional order
PI controller of equation (18) will be used to cancel the slope of the phase of the plant at the gain crossover 
frequency cg. This way we ensure a flat phase around the frequency of interest. Once the slope is cancelled, the 
PD controller of equation (19) will be designed
to fulfil the design specifications of gain crossover frequency, cg, and phase margin, m, following a robustness 
criterion based on the flatness of the phase curve of this compensator  (see Monje et al., 2004). The resulting phase 
of the open loop system will be the flattest possible around the crossover frequency cg, ensuring the maximum 
robustness to plant gain variations.

4. IMPLEMENTATION CONSIDERATIONS

To select an auto-tuning method for industrial applications, we have taken into account that, in many cases, 
industrial control devices cannot solve complex equations, and so, we have used the relay test for this purpose. 
Having tuned the controllers, to implement them we have to take into account other considerations, such as memory 
size and computational load required by the algorithm, knowing that, in any case, the fractional orders must be 
approximated by integer ones. There are many different ways of finding such approximations (Valerio and Sá Da 
Costa, 2002; Vinagre et al., 2000b), but unfortunately it is not possible to say that any one of them is the best, 
because even though some of them are better than others
with regard to certain characteristics, the relative merits of each approximation depend on the differentiation order, 
on whether one is more interested in accurate frequency behaviour or in accurate time responses, on how large 
admissible transfer functions may be, and other factors like these. For the controller (9), where the fractional-order 
operators are explicit, the techniques mentioned can be used directly and the coefficients of the difference equations
or the values of the circuit elements can be computed beforehand. However, the case of controller (17) and auto-
tuning is different. On the one hand, we have to consider only techniques that can be implemented online, allowing a 
fully-automatic auto-tuning process .On the other hand, we will have to discard techniques requiring a high 
computational load
or complex operations, for example the identification based techniques. Another possibility for implementing the 
controllers is the use of specific microelectronic
devices, such as FPGAs, FPAAs and switched capacitors. There is a lot of work to be done on this field.

VII. APPLICATIONS IN ROBOTICS

In industrial environments the robots have to execute their task quickly and precisely, minimizing production time. 
It requires flexible robots working in large workspaces;

Figure 8: A cooperative cell of robots achieving a desired task.

therefore, they are influenced by nonlinear and fractional order dynamic effects [13]. For instance in [14, 15] the 
authors analyse the behaviour of two links in a redundant robot (a robot that has more degree of freedom than 
required to carry out its task) following a circular trajectory in the Cartesian space. By calculating the inverse 
kinematics, the pseudo inverse matrix does not converge into an optimal solution either for repeatability or 
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manipulability. In fact, the configuration of those links has a chaotic behaviour that can be approximated by
fractional order equations, since it is a phenomenon that depends on the long-term history, as introduced in [16]. 
Another case-fractional order behaviour in robotics was presented in [13], where a robot of three degrees of freedom 
was analysed by following a circular trajectory, controlled with a predictive control algorithm on each joint. Despite 
it has an integer order model, the current of all motors at the joints presents clearly a fractional order behaviour. In 
[17], the authors analyse the effect of a hybrid force and position fractional controller applied to two robotic arms 
holding the same object, as shown in Figure 13. The load of the object varied and some disturbances are applied as 
reference of force and position. A PI Dμ controller was tuned by trial and error. The resulting controller was 
demonstrated to be robust to variable loads and small disturbances at the reference. Another interesting problem in 
robotics which can be treated, with FOC is the control of flexible robots, as this kind of light robots use low power 
actuators, without self-destruction effects when high impacts occurs. Nevertheless significant vibrations over 
flexible links make a position control difficult to design, because it reveals a complex behaviour difficult to 
approximate by linear differential equations [18]. However in [19], the authors propose a
PD for a flexible robot of one degree of freedom with variable load, resulting in a system with static phase and 
constant overshoot, independent of the applied load. Another case was analysed in [20], simulating a robot with two 
degrees of freedom, and some different physical characteristics, as an ideal robot, a robot with backslash and a robot 
with flexible joints. In each one of these configurations they applied PID and PI Dμ controllers and their behaviour
was compared. These controllers were tuned by trial and error in order to achieve a behaviour close to the ideal and 
tested 10000 trajectories with different type of accelerations [21]. Over the ideal robot, the PID controller had a 
smaller response time and smaller overshoot peak than the fractional order PID. When any kind of nonlinearity is 
added to the model, the fractional controller has a smaller overshoot and a smaller stationary error, demonstrating 
that these type of controllers are more robust than classical PID to nonlinear effects .A small overshoot in fractional 
order controllers is an important characteristic when accuracy and speed are desired in small spaces. In [22]the
authors used CRONE controllers in order to reduce the overshoot on small displacement over a XY robot. The 
workspace is of 1mm2 and the overshoot obtained was lower than 1%. An application in a robot with legs was 
presented in [23, 24], designing a set of PD algorithms in order to control position and force, applied to an hexapod 
robot with 12 degrees of freedom. The authors defined two performance metrics, one for quantity of energy and the 
other for position error. The controllers with =0.5 had the best performance in this robot.

VIII. CONCLUSION

In this paper we first showed two examples that the best fractional order controller outperforms
the best integer order controller. Then, we tried to argue why consider fractional order control even when integer 
(high) order control works comparatively well. Several typical known fractional order controllers are introduced and 
commented Then, fractional order PID controllers are introduced which may make fractional order controllers 
ubiquitous in industry.. Two methods for fractional-order PID controller tuning have been presented. The first one 
uses optimization for tuning the five parameters of the controller, taking into account frequency response and 
robustness specifications. The second one is an auto-tuning method that uses relay feedback to characterize some 
points on the frequency response of the plant, and frequency domain specifications for tuning the controller, in this 
case constructed as a series combination of a fractional orde r PI controller and a fractional-order PD controller 
with noise filter. These methods allow the use of some software and hardware strategies for efficient 
implementations of controllers in industrial applications and robotics.
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