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Abstract—This paper analyzes a reliability model of parallel system of two identical units with different repair
policies of the servers subject to maximum repair time. Initially, ordinary server who takes some time to arrive at the
system repairs the failed unit. If ordinary server is unable to repair that unit in a pre-specified time (called maximum
repair time), than inspection of the unit is conducted by him to see the feasibility of its repair by an expert server who
visits the system immediately. Furthermore, if repair of the unit is not possible by the expert server, it is replaced by
the ordinary server giving some replacement time. The ordinary server remains with the system during repair of the
unit by an expert server. All random variables are statistically independent. The switch over is instantaneous and
perfect. The failure rate and the rate by which unit undergoes for inspection to see the feasibility of repair are taken
as constant while the distribution of arrival time of server, inspection time, repair time and replacement time of the
unit are assumed as arbitrary with different probability density functions. The expressions for various measures of
the system effectiveness have been derived in steady state using semi-Markov process and regenerative point
technique. The graphical results for MTSF, availability and profit are obtained giving particular values to various
parameters and costs.

Keywords—Arrival time of server, Cost-Benefit Analysis ,Maximum Repair Time, Parallel-Unit System and
Reliability.
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l. INTRODUCTION

In the field of reliability, redundant system has been widely studied as these are frequently used in
modern technology. Various researchers including Shriniwasan and Gopalan [1973], Singh [1995] have
analyzed the system with cold standby redundancy. But sometimes, to attain better reliability and system
performance, the introduction of standby redundancy is not suggestive. So it is desirable to introduce parallel
redundancy. Gaver [1963] considered a two-unit parallel repairable system with a repairman. Nakagawa and
Osaki [1975] analyzed stochastic behavior of parallel system with repair maintenance while Gupta and Kumar
[1994] analyzed a parallel system with periods of working and rest. In most of these papers it is assumed that
every server is capable in repairing the unit and its repair facility becomes available immediately as and when
required. But in practice there are many situations when service facility may take some time to arrive at the
system and also sometimes single server is not able to repair the failed unit in fixed period of time. Sridharan
and Mohanavadivu (1998) studied the stochastic behavior of a two-unit cold standby redundant system, with
two types of repairmen. Furthermore, system can be made more reliable by making replacement of the failed
unit by new ones in case server is not able to repair the unit in pre-specific period of time. Malik and Gitanjali
[2012] discussed a parallel system with arrival time of the server and replacement of the unit after maximum
repair time of the server. It can be pointed out from above that no research paper has been written so far in
reliability theory on parallel system considering two types of server, arrival and maximum repair time to the
server and replacement of unit by new ones all together in a paper.

Keeping all the above circumstances in mind, a parallel system of two identical units with different
repair policies of the servers subject to maximum repair time. Initially, ordinary server who takes some time to
arrive at the system repairs the failed unit. If ordinary server is unable to repair that unit in a pre-specified time
(called maximum repair time), than inspection of the unit is conducted by him to see the feasibility of its repair
by an expert server who visits the system immediately. Furthermore, if repair of the unit is not possible by the
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expert server, it is replaced by the ordinary server giving some replacement time. The ordinary server remains
with the system during repair of the unit by an expert server. All random variables are statistically independent.
The switch over is instantaneous and perfect. The failure rate and the rate by which unit undergoes for
inspection to see the feasibility of repair are taken as constant while the distribution of arrival time of server,
inspection time, repair time and replacement time of the unit are assumed as arbitrary with different probability
density functions. The expressions for various measures of the system effectiveness have been derived in steady
state using semi-Markov process and regenerative point technique. The graphical results for MTSF, availability
and profit are obtained giving particular values to various parameters and costs.
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Il.  NOTATIONS
Set of regenerative states

Unit is operative
Constant failure rate of the unit

Maximum constant rate of repair time taken by the server
Probability that failed unit is not repairable / repairable by an expert server
pdf / cdf of the replacement time of the unit

pdf / cdf of the repair time of t
he unit

pdf /cdf of the repair time of the unit taken by expert server

pdficdf of the arrival time of the ordinary server

pdf/cdf of the inspection time of the unit taken by ordinary server

Unit is failed and under repair / under repair continuously from previous state

Unit is failed and waiting for repair/waiting for repair continuously from previous state

Unit is failed and under inspection by ordinary server / waiting for inspection by ordinary server
continuously from previous state.

Unit is failed and under repair by expert server / under repair continuously from previous state by expert
server

Unit is failed and under replacement with ordinary server / under replacement continuously from previous
state with ordinary server

Symbol for Laplace Stieltjes
transform / Laplace transform
Symbols for Stieltjes convolution
/ Laplace convolution.

Symbol for derivative of the function
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The possible transitions between states along with transitions rates for the system model are shown in Figure
1.The states 5.5 .55, 52,54, 5:and 5; are regenerative while the other states are non-regenerative.
I1l. TRANSITION PROBABILITIES AND MEAN SOJOURN TIMES

Simple probabilistic considerations yield the following expressions for the non-zero elements
My = QLJ'-(DC] = _II.I']I[_I'{"] it as:

P =1 Pz = w2, Priy = '::1 - w"f,l:]},
poo = g (A + e, o :E::A [1-g"( +apl],

Pras = E:];A [1-g"(1 +ap)l. tay = ah® (1) ,
pas = bR*GAL e = (1-m"(D)), Pap = (1) ,
Pag = {1 - f'u:]}, Pso = g." (1) '
Frao = {1 _Hl-u]} Pz = (0, Pre =@prg = b
Pez = f":ﬂ:], Poz = Hl-ml Pz = Ei-ml
Pi1az = w* (D), gz = .E‘-':ﬂn:]s Pize = 0.

Pz s =b Praz = g (ap), Prg a3 = {1 - .5-':'5‘0:]}:

Puzaasaz = {1 - W-m-]}ﬂ-{ﬂnl
Piz.atizaze = 5{1 —w'{ﬂ:]}{l - H-{Un] ]I,
Piz.arizaze = E’U - W'UJ}U —g'{a,::]},

P = o [1- 9"+ ap)lg (@),

+i ad
Pzz.a4,138 = m [1— g + aJIL — g* ().

Paz.s438 = % [1-g"(1+ a1 — 57 (ay)],

paze = a(1 —n* Q1) Pazrs = B(1—R°(R)),
Paze = {1 _f-ujl Pezan = {1 _Hl-u]} . (1)
It can easily be verified that
Pog =Pz TPy = Pep Thaz TP = Boo TPz Thoag
FPr1 4920 T Porasaze = Poa T s +Par T Poa T8 T
Pazoe *Pazs = Pao T Pas = a0 T Pis = Poo T P50 =
Pso * Pszap = Pz = Pre TPre = Pez = Por = Puog = Pras
=Pzt Pz SPaetPue=PuztPui=1 .. (2)

The mean sojourn times y; in state ¥; is given by
up= [y P = Ddt =my, = =,
N

1
g = myg +omy gy = 1{1 —W'U:]},

[1-g*(1 +ay)],

=
3
1

m:n+m!+m:.u:a ¥
]

Pz = Mgy + Mg + MWy7 = i{l - h'{ﬂ:]},

Mg = Mgp +myg = i{l - f'u:]},

Ug = Mgy + Megip = .1;{1 - ,Q‘,_-':ﬂ.-]}‘

v
Wy =myg +Myg gy 90+ Myggggz93e T Myz01 00028

1
— {1 — w'{ﬂ]} ((I — w'r{ﬂj) + (1 —3'{0.0])

1 .
(—_ hg,* () — af*(0) — h"{n_‘l)
g

.
Mg = Mgp + Mgy + Myg g + Moz ga93e T Mazgg930 =
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[(?1.,‘ bg,*'(0) —af*'(0) — h* ’(UJ) 1+a(1-

E-{Dn]}] [1—g lay+20]

Lp+A
)
v
Mg = Mgy + Mgg+ Mgy 7p + Mgy 79 =

(1-n®)[(1- 2(og:"©@ + o' @ +1@) )]
py=mgy | mys=(1 f'{ﬂj}‘& f-r':':':])*

1
M5 = Maep + Meggp = {-1 - J?f':ﬂ:]} (i — G -r':ﬂ:]) e (3]

Figurel: State Transition Diagram
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IV. MEAN TIME TO SYSTEM FAILURE (MTSF)

Let &, (£} be the cdf of the first passage time from regenerative state ¢ to a failed state. Regarding the failed state
as absorbing state, we have the following recursive relation for @; (£):

%@ = ) 0 OBle;® + ) 0 ® . (@)

whereS;j is an un-failed regenerative state to which the given regenerative state Si can transit and k is a failed
state to which the state ican transit directly. Taking L.5.T of relation {4} and solving for 3" (=}, we get
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C1-3s) N,
MSTF(T,) =lim———= D, (3

Where

Ny =po+p +pob: + Pubabs T PuPuaPuals +
PizPaaPasHs )
and Dy =1 — pygpop — Pra Pz (Pasbun + PasPso.

V. AVAILABILITY ANALYSIS

Let 4;(z) be the probability that the system is in upstate at instant ¢ given that the system entered regenerative
state i at t = 0.The recursive relation for 4; (£ are given as

A4 = M) + X g, ;M (DDA () .. (6)
Where j is any successive regenerative state to which the regenerative state i can transit through n>1 (natural
number) transitions and Mi(t) is the probability that the system is up initially in regenerative state SieE at time
't” without visiting to any other regenerative state. We have

My(2) = e~ 24, M, (t) = e~ W (), M, (&) =
g ARG (g, M,y (t) = e~ () HIE) M,(t) =
e~ U} F(E)end Mg (8) = e"“{ﬂi{ﬂ

Taking L. T. of relations (&) and solving for 4;(s), we get steady-state availability as

Ny
Ay = Ll_’rrgsﬂy'f,s] =1 w (7)
Where N, =

':.“n+.“1:.'tr?:3 +F“.2':P243'94n +3'925F"5L\:]}+.“: +ia bz +

Paslly T Pastis)
and o, =

':.“n + .“rj.:]'Lr_P:n + paq ':Pz:u"i’:m +3'9253'1"5L\:],' + ozt
Paz ':.“r! + paatty + Pﬂs.“rs:]-

VI. BUSY PERIOD ANALYSIS OF ORDINARY SERVER

Let & (z} be the probability that the ordinary server is busy at an instant ‘z’given that the systementered
regenerative state 5; at ¢ = 0. The following are the recursive relations for B/ (£} are given as

BI@ =W +) ;OB ® ...(8)
4
where j is a subsequent regenerative state to which state i transits through n>1(natural number) transitions and
W, (5) = o~ @dtE () 4+ (Ao X @1Ee—%0t) ),
W (8) = e H(t) + (1e~* ©1)H(£) and
W, () = e *F@) + (ie " ©1LO)F () e (@)

Taking L. T. of relation (£} and solving for B] (s}, we get in the long run the time for which the ordinary server
is busy in steady state given by
Ny
[ ] * - _= i
BD—LL_’I:I[;SBD (=) = . . 100
Where N3 = wi{0) + praws (0 + pyapagws (00 and D is already specified.

VII. BUSY PERIOD ANALYSIS OF EXPERT SERVER

Let Bf(t) be the probability that the expert sever is busy in repairing the unit at an instant ‘t’given that the
system entered regenerative state 5; at £ = 0. The recursive relation for £ (¢} are given by:

BE) = WD + ) g, (HOBF @ . (11)
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Where j is a subsequent regenerative state to which state i transits through n>1(natural number) transitions and
W (8) = e G, (®) + (Ae*@1)T, () .. (12)

Taking L. T. of relation (11} and solving for B£"(s), we get the time for which the system is under repair done
by expert server is given by

N -
Bf =lims B§"(s) = 5 - (13)

Wheren, = ng; pasw (0} and Dis already  specified.

VIIl. EXPECTED NUMBER OF VISITS BY THE ORDINARY SERVER

Let N-(£) be the expected number of visits by the ordinary server in (0.£] given that thesystem entered the
regenerative state 5; at t = 0.The recursive relation for N;(t} are given by

N;(8) = Z__Q.; J.-{tjlaj- + NJ.-{:]] ... (14)

Where j is any regenerative state to which the given regenerative state i transits and &;=1, if j is the regenerative
state where the ordinary server does job afresh, otherwise &;= 0. Taking L. 5. T. of relation {14} and solving for
N ™ (=), we get the expected number of visits by ordinary server per unit time as

. " Ng
Ny = LL_’rIgs Ny"(5) = D, ...(15)
Where N = (g | g2z (paspap | paspeo) Jand Dyis already specified.

IX. EXPECTED NUMBER OF VISITS BY THE EXPERTSERVER

Let & (£} be the expected number of visits by expert server (0. ¢] given that the system entered the regenerative
state 5; at t = 0. The recursive relation for £ (¢} are given by:

NEG) = Z Q,;_;':ﬂ[ﬁ_i- + ‘ﬂ"l.i'e{t:]:| .. (16)

Where j is any regenerative state to which the given regenerative state i transits and &;=1, if j is the regenerative
state where the expert server does job afresh, otherwise &;= 0. Taking L.5.T.of relation{16]) and solving for
NE=(s), we get the expected number of visits by expert server per unit time as

. N
N§ = lims N§™(s) = D—f .. (A7)

Where

Ng = pys .11_1:_12_9'&’:0 + Pog ':3'1"!43'940 + sti'i"sn:]} +
Poz.asa39 T oz (pazse + Pas)
and Dyis already specified.

X. EXPECTED NUMBER OF REPLACEMENTS OF THE UNIT

Let B;(t} be the expected number of replacements by the unit in {0.¢] given that the system entered the
regenerative state 5; at ¢ = 0. The recursive relation for B;(£} are given by:

R =) 0,0E[+R ()] .. 118)

Where j is any regenerative state to which the given regenerative state i transits and &;=1, if j is the regenerative
state where the failed unit replaced by new ones, otherwise &;= 0. TakingL. 5. T. of relation{18} and solving for
Hy""(5). we get the expected number of replacements per unit time as

N-
Ro =lims o) =3

...(19)
Where Ng = pag (pay + E;g:._—-g:] and D.is already specified.

Xl.  COST-BENEFIT ANALYSIS

Profit incurred to the system model in steady state is given by:
P=KA, —K,BF—FK.Bf —K,R, — KN, — K N§
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K, = Revenue per unit uptime of the system

K, = Cost per unit time for which ordinary server is busy due
to repair

K, = Cost per unit time for which ordinary server is busy due
to Replacement

K, = Cost per unit time replacement of the unit by ordinary
server

K. = Cost per unit time for which ordinary server is busy due
to inspection

K; = Cost per unit time for which expert server is busy due to
repair

K, = Cost per unit visits by the ordinary server

K, = Cost per unit visits by the expert server

XIl. PARTICULAR CASE
Let us consider g(t} =#e™", f(£) = 5e~"*.By using the non-zero element »;., we obtain the following
results:
Ny
MTSFI(T, ) =—,
(L) =7, |
Availability (4,) =2 |,

Busy Period for repair { BJ} = ”_3 )

Busy period for expert sever due to repair (B} = E

Expected number of visits by ordinary server (#,) =

b I.:F

Expected number of visits by expert server (N} = :f

Expected number of replacement of the unit (R} = i

Where

T T _F 0 L ag
Ny = + ,r+.1 + ;r'+.1.] (B+d+ap) (1 + f+d (1 +
m (.5‘+.1 + Yo+ (1 + E,ﬂ-l))))

t (= St (mE | Ero (%0
1- B+l+my :r'+l) [E + n+d (.5‘+.1 t Yo+d {Eu+.1) )]:| !
(=8
N - E+A+nu[ { ) (Q + oy ;|+.1) g+l +

) ((J(————J)I

1 &y
Ny = (B+d+mg) 1+1+ (r;+.1)

(2 5+

1 [E:-:x,:{l 1Al |I 7 ]]
f+d+toy| G+4 w+i

V= o o+ e () e+ o)l
T rara PTG Fra T 2 /)

D, =

r.'r;'1+.L
g+1

+1(1+§+

N, =
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i)

ot |8, m ((n)(£ , b6
NE‘ B+l+my |:(;.-‘+.1 + v+l ((r;+.1) (,5‘+.1 t By +‘1))) + 1:| +
':EJII[.:]

_amp

; N, = i and

t Lt 4 (1,1, o f1, 1,2

< B+ld+mp 1+ [:.1 t ¥+ (.1 + ¥ + 8+l (r; + oy + I3 *

) e+ o) [(5+ 22| + 2 G +2 e+

=l +ale )|+ @52 +

XIIl. CONCLUSION

The graphical behavior of mean time to system failure (MTSF), availability and profit with respect to
replacement rate () of the unit for fixed values of other parameters including K1=5000, K2=1150, K3=50,
K4=900, K5=150, K6=200 with a=0.6 and b=0.4 can be observed respectively from fig. 2 to 4. It is analyzed
that MTSF, availability and profit of the system model go on increasing with the increase of replacement rate
(B), repair rates of ordinary and expert servers (0 and 00), inspection rate () of the unit and arrival rate (y) of
the ordinary server while they decline with the increase of failure rate (). However, the effect of arrival and
repair rates of the ordinary server on these measures is more as compared to the other parameters. It is also
revealed that MTSF and Availability of the system increase with the increase of rate (a0) but profit declines.
Thus a parallel system of two identical units with different repair policies of the servers can be made profitable
by increasing the arrival and repair rates of ordinary server and calling an expert server immediately when
ordinary server fails to repair the system in a pre-specified repair time.

REFERENCES
[1] Srinivasan, S.K. and Gopalan, M.N. [1973]: Probabilistic analysis of two-unit system with warm standby and single repair facility,
Operations Research, Vol. 21, Iss. 3, pp. 748 — 754.

[2] Singh, S.K. and Agrafiotis, G.K. [1995]: Stochastic Analysis of a Two-Unit Cold Standby System Subject to Maximum Operation and
Repair Time, Microelectronics Reliability, 35(12), 1489-1493.

[3] D.P. Gaver [1963]: Time to failure and availability of paralleled systems with repair. IEEE Transactions on Reliability,Vol. 12(2), pp.
30-38.T.

[4] Nakagawa and S. Osaki [1975]: Stochastic behavior of two-unit paralleled redundant system with repair maintenance,
Microelectronics and Reliability, Vol. 14(6), pp. 457-461.

[5] Gupta, S.K. and Kumar [1994]: Cost-benefit analysis of a two-unit parallel system with periods of working and rest, Acta Ciencia
Indica, XXM, pp. 221 - 228.

[6] Sridharan and Mohanavadivu [1998]: Stochastic Behaviour of a Two-Unit Standby System with Two Types of Repairmen and
Patience Time, Mathl. Comput. Modelling Vol. 28, No. 9, pp. 63-71.

[71 Malik S.C. and Gitanjali (2012): Cost-Benefit Analysis of a Parallel System with Arrival Time of the Server and Maximum Repair
Time. International Journal of Computer Applications, Vol.46 (5), pp. 39-44.

Volume 7 Issue 4 December 2016 343 ISSN: 2319 - 1058



International Journal of Innovations in Engineering and Technology (IJIET)

10000 - MTSF vs REPLACEMENT RATE ()

3000 -
8000 -
7000 - A4 =99
: —— (8=2.1,080=3, a0=5,1=5,y=3,1=.01)
=& (=5, 80=3, a0=5,n=5,y=3,A=.01)
5000 - == (6=2.1,00=6, 10=5, =5, y=3,A=.01)
4000 1 == (8=2.1,00=3, a0=10,n=5,y=3,2=.01)
= (8=2.1,00=3, a0=5,1=13,y=3,2=.01)

6000

o o gD

3000 - o= (6=2.1,00=3, a0=5, =5, y=5,\=01)
2000 | === (8=2.1,00=3, a0=5,155,y=3,1=.02) L
—— T T 1 T T 1 1 T
1000
0 ; . : . . . .
5 10 15 20 25 30 35 40 45 S0
REPLACEMENT RATE (B) —>>
Figure.2: MTSF Vs. REPLACEMENT RATE
1992 PROFIT vs REPLACEMENT RATE (§)
s ——E—E—a—a—a—a—a—a
L —— = = = = = =
P 4986 -
R et (=21 , 80=3, a0=5, =5, y=3,k=.01)
O 4984 - —8—(6=5 , 60=3, a0=5, =5, y=3,4=.01)
F e (6=2.1, 60=6, 00=5,11=5, y=3, A=.01)
§ 4982 s (8=2.1 , 80=3, €0=10, =5, y=3,1=.01)
= (0=2.1,80=3, 10=5,1=13,y=3,1=.01)
4980 - —o—(8=2.1,00=3, a0=5,1=5, y=5,A=.01)
e (6=2.1 , 80=3, a0=5, =5, y=3,3=.02)
4978
976 et
4974 : e —

5 10 15 20 25 30 35 40 45 50
REPLACEMENT RATE (§) —>

Figure.4: PROFIT Vs. REPLACEMENT RATE

Volume 7 Issue 4 December 2016 344 ISSN: 2319 - 1058



International Journal of Innovations in Engineering and Technology (IJIET)

T AVAILABILITY vs REPLACEMENT RATE (B)

1.00000
0.99088 -
A
V059950
" e (8223 ] 0053, 005, =3, =3, 3=01)
I 099935 - lfpoe (G5 603 =8 =8 =3 k= 01)
L e (82 1, B0=6, 00=5, =5, y=3, k=01)
4 0.90980 cnsionee (G=7 1 §0=3_ p0=10, =5, y=3 h=01)
ﬁ e { G2 1 8053 003, 1713, 723, k=01)
7 0.99975 - i (83 1| 803, 005 T8 y=5 k=01)
- w—— =21, 80=3, a0=3, =5, =3, k=02)
T 0.9970 P S T S o
v }
0.99965 - f
0.99560 : : : : : . : :

510 15 20 25 30 35 40 45 S0
REPLACEMENT RATE (B) —>

Figure.3: AVAILABILTY Vs. REPLACEMENT RATE

Volume 7 Issue 4 December 2016 345 ISSN: 2319 - 1058



