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Abstract- In this paper four unified finite integrals are established. The first two of these integrals involve the product of

a general class of a multivariable polynomials, H function and generalized associated Legendre function of second kind
with arguments of the form (X_a_l)*%(x_a)zfl(b_x)wi (cx+d) (g xf)?- In third and fourth integrals general class of a
multivariable polynomials are replaced with a generalized polynomial set in first and second integral. Some special cases

and applications are also discussed. Since functions and polynomials occurring in these integrals are general in nature,
these results provide interesting unifications and extensions of a large number of new and known results.
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I. INTRODUCTION

A large number of integral formulae involving different types of special functions have been developed by many
authors. Garg and Mittal [1] obtained an interesting unified integral involving Fox H-function. Considering the work
of Garg and Mittal [1], Ali [2] gave three interesting unified integrals involving the hypergeometric function ;F,. By
using Ali’s method [2] Choi and Agarwal [3] presented two generalized integral formulas involving the Bessel
function of the first kind , which are expressed in terms of the generalized (Wright) hypergeometric functions.

Agarwal [4] study some new unfied integral formulae associated with the H -function. Each of these formulae
involves a product of the H -function and Srivastava polynomials with essentially arbitrary coefficients. They
evaluated the formulae in terms of 1//(2) [logarithmic derivative of F(Z)]. Recently Chouhan and Khan [5]

presents two new unified integral formulae involving the Fox H-function and M-Series. These results were
expressed in terms of the H function.

Il. SOME DEFINITIONS
A Riemann-Liouville fractional calculus operator
The Riemann-Liouville fractional calculus operator of order —u [defined by Miller and Ross [6] as

1
['(u)
d

d—maD;“’m[f(z)] , —m <Re(u)<0,meN
z

_‘:(z—t)"‘l f(t)dt,Re (1) > 0 . (22)
D [f@)] =

where m is a positive integer and the integral exists.

B. H - function
A more general function known as H -function was introduced by Inayat-Hussain [7] in the following form
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MN _ — MN (@j.ajiAj)1IN(@j .@j) N+1P 1 e ;
HP.Q [Z] - H P.Q I:Z b A1) 1M (0] .B5:BjIM+1,Q :| = Zimjimqb(é) z df (22)
Where [IT®k,-sH][{ra-a, + a6y ... (2.3)
7(6) =4 "
. {r@-bn; +ﬁj§)}BJ [1r@ -9
j=M+1 j=N+1

and 1= ~/—1.Here 8 ( = 1..P) and b ( j = 1..Q) are complex parameters,
a;20(j = 1,..,P)and B,;20(j = 1,..,Q) and the exponents A; (j = 1,...,N) and B; (j = N+1,...,Q) can take

any non-integer values .

C. Multivariable Polynomials
The second general class of multivariable polynomials given by Srivastava [8] is defined and represented in the

following modified form

VU] [V, PR 2.4
LU _ . o X; ... (2.
S Dot ] = 20 3 (VW) A ViV 2 .

k=0 k=0 1* T*

Where V, =0,1,2,...(i = 1,...,r), U,,...,U, are arbitrary positive integers, the coefficients A [V, kj;...;V.,k ]being

arbitrary constants, real or complex.
D. Generalized Polynomial Set
The generalized polynomial set s;"’” [X] is defined by the following Rodrigues type formula [9]

N
(%

Eﬂz
S IX] = (AX+B)“(1—7x)"T {(Ax +B)“™N(A-rx)" “} - (25)
with the differential operator being defined as
T, =x'(k+xD,)
where D, =d/dx

Raizada [9] presented S " [x] in the following series form

S = Y 0b,b,8,8,) X(A-rx)" - (26)
by b, a3,
Where
B () ()P (8, (b, (@ (b, (g (bikrta) (A 27
O b2 a1a, b, 1b, I(1-a—by), (Fo) (25 (5)
R =/n + b +ta .. (2.8)

3 :i Z Z 3 .(2.9)

bbya.8 &=0 a=0 b=0 b,=0

E. Generalized Associated Legendre Polynomials
Kuipers and Meulenbeld [10] introduced generalized associated Legendre functions

R™"(z),Q"" (z) of first and second kind respectively.
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The function Q™" (z)can be presented in terms of hypergeometric function 2Fl(a,b;c;z)as

(m-n F[k+ m;n +1j1"(k+ m
ka‘"(z):e""’iZ 2

-n
+1j
2 LI n m-n m+n . o2
- Flk———+Lk+ +L2k+2; —
(z-1)"2 (z+1)2, 1[ > 2 )

I(2k+2) -z
.. (2.10)
1. EXPERIMENT AND RESULT
A First Integral
»(x—a) " (b—x)“" (ex+d) (gx+ )7 g (x-a)*b-x*  (x=a)7"(b-x)"
L (X—a—l)% e | T (exrd) (g F) T (ox+d) (gx+ )
R P Gl M Gl km‘"(l— 2 jdx
Pl (ex+d)P(gx+ f)S X—a
Sk ; 5 mai _[%J’lj *['HDH) m-n
=(b—a)""™* (ac+d)” (bg+ f)°e™2 (1) 2T k+ 5 +1
" (k_mz—n_'_l) r(k+m;n+1+£3] MU VU] A[V kl V k]
b—a)" s SN na Ky Vi Ko
2,(0-2) e IATN 2 2 W (Vi
S Tl ) MR SR Lc(a—b)j“[g(b—a)j“
i1 (k!)(ac+d)™ (bg + )" L TFoty!0,!\ ac+d bg + f
l_—IM‘NM 7 (b—a)“” L(aj@jiADLN () @)N+LP (31)
P+4,Q+3 (ac+d)P(bg+ f)q o) Bjm (0] Bj:B)IM41,Q: L2
where
L =Q+y—£,-224k, pi1), (-2 -k—{, -0, —Zok,uil), ... (3.2
(1+06-1¢,-2uk,q;1), A—pu—-0,-Znk,v;1)
L, =(Q+y =24k, p1), 1+6 -Zuk,q1), ... (33)
(—A-—pu—tly—k—t,—0,=Z(o, + )k, u+v ;1)
The conditions of validity of Eq (3.3) are
(@) Re (1, 1) >0
(b) min {u,v, p, g}> 0 (not all zero simultaneously)
(c) when min (o,,77)20 (I=1,..,r)
1+Re(Z+k)+u min Re (b, /) >0 ()
<j<
Re(,u)+v1minM Re (b;/5,) >0 ()]
<j<

When max (o,,77)<0 (1 =1,...,r)
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1+Re(/l+k)+zr:{a, (%ﬂ+u min Re (b;/ 4;) >0 ),

1=1 |

Re(ﬂ)+2{m [l\j'ﬂw ,min Re (b;/ ;) >0 . (V)

When 5, > 0,7 <0, (I = 1,..r),(l) and (V) are satisfied.

When 7, >0, 0, <0, (I=1,..,r), (I1) and (I11) are satisfied.

(d) max cb-a) || g(b-2) <1b #a
ac+d |'| bg+ f ' '
m+n m-n

(e) |fk+T¢—1,—2,...;ki #0,#1,+2,...; 2k+2#0,-1-2,... |Z—1|>2

2
\Up

PROOF. To evaluate the integral, Ssl [X] is replaced by its series representation using equation Eq (2.4), H -
1

,,,,, A

function is replaced by its Mellin-Barnes contour integral form using Eq (2.2) and Q;“'“(z) is replaced by its

hypergeometric function form using Eq(2.10) in the left hand side of Eq(3.1). Then the powers of (x-a), (b—x),
(cx+d) and (gx+f) are collected. In the resulting expression the order of integration and summation is interchanged
(which is permissible under the conditions stated with (3.1)). The powers of (cx+d) and (gx+f) are simplified by

applying following binomial expansions for x e[a,b]

(cx+d)" =(ac+d)mi(_£nl)“ {‘Z£X+‘da)}l,|(x—a)c| < lac+d | .. (3.4)
(gx+ f)"=(bg + f)”i(_;_)"z{%} ,lglb=x)| < |bg+f| ... (3.5)

and the innermost integral is solved with the help of the following Eulerian type integral
J.b (X _ a)gfl(b _ X)y—l dX = (b _ a)/Hyfl B(/l, ,U) . (36)
Where Re (1) >0,Re (1) >0, b=a and B(4, x) represents beta function

The beta function is simplified in terms of gamma function and resulting Mellin-Barnes contour integral is interpreted as

T

-function. After little simplification, the right hand side of Eq (3.1) is obtained.
Second Integral

' (x—a)* (b—x)"* g% { (cx+d)™ (gx+ f)~ (cx+d)* (gx + f)“'}

(o dy (gee £ (xap L CanE=0n T ) oo

X g {Z (cx+d)”(gx+f)q}Q|:nn(12]dx

PQ (x—a)" (b—x)" X—a

*—._UJ

Vi Vr

m-n

= (b-a)"** (ac+d)’ (bg + f)’e™ y 12 (_1)*[“%*@ r [k . m

[k—m_n+1) F[k+m;n+1+£3j

—n+1J
2

w ) MMAT V] A[V k \/ k]
b-a)" ' e 2 (V) (Y, 1R Vi By
/32:0( ) F(Zk +2+Z3)f3! = krz:o ( l)U1k1 ( I')Urkr
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v ]j ylkl (b_a)(al+77l)kl i 1 (C(a— b)]h(g(b_a)j‘z
iz (k) (ac+d)™ (bg+ f)" o4, ac+d bg + f

p q

> I_—IMM‘N ; (aC+d) (bg+f)
(b_a)uw

(aj.ajADLN (@] @ N3P 1
P+3.Q+4 . 0] 51 Lm - (0] 5B IM+1.Q

where
L=(-24k,, p), (6 -2Zuk,,q), L+A+u+K+L,+0,+,—2(0, +7n,)K,,U+V)

L=(r+0,-24k,, p), (6+0,—Zuk,,q), L+A+0,+ L, +k-2ZocK,,U), (u+l,-2nk,,V)

The conditions of validity of Eq (3.7) are

() Re(1,u1) >0

(b) min {u,v,p,q} > 0 (notall zero simultaneously)
(©) When max (o,,7,)<0 (¢ = 1,..,r)

1<j<N a.
]

-1
1+Re(1+k)—u max Re [a] ]>0

a -1
Re(u) -V ‘max Re ( ! J> 0
[04

<j <N .
J

When min (o,,7,)>0 (¢ = 1,...,r)

r a -1
1+Re(/1+k)—2{o-, [ﬁj}u max Re [ ! J> 0
=) U 1<j<N

¢ a;

r v, a, -1
Re(#)—;{m (UJ}FV max Re ( Jaj J> 0
When o, > 0,77, <0 (¢ = 1,...,r), (V) and (VII) are satisfied.
When 5, > 0,0, <0 (¢ = 1,..,r), (VI)and (VIII) are satisfied.

(@) max | |£=3)C | (b-2)g <1;b #a.
ac+d| bg + f
(e) ”k+¥¢—l,—2,...;kim2_n;tO,il,iZ,...; 2k+2#0,-1-2,... z-1>2

Proof: The integral (3.7) can be evaluated in a similar way as that of the first integral.
C. Third Integral

In(x—a)"l(b—x)”’l(cx+d)”(gx+f)J Sw[ (x—a)’ (b—x)" }
a (X—a—l)g " (CX+d)g(gX+f)“

X g {z O“a)u(b‘X)V}kav" (1_L)dx
PQ X

(cx+d)P(gx+ f)?

=(b-a)"™" (ac+d)"(bg+ )" e™ 72 (_1)’[“3”] r(k + mz_ n, 1)

(k_mz—n+]_] F[k+m;ﬂ +1+£3j oh R*’l‘(a1 sn)
X l3 B 1
Z Z / 2

by by a2 (1.0,004=0 T(2k+2+1¢,) IATRYRVA

(b _ a)m+(R+u1)(a+n) Q(bl b, .a,, az) (c(a B b))yz g(b-a) l q - , (b—a)"
(ac +d)® < (bg + £)*” | ac+d bg + f Paes| " (ac+d)” (bg + f )"

L(aj.@j AN (@) @jINGLP

(6] 8510 (b].5]:B) M 1,0 La

.. (37)

... (3.8)

.. (39)

(V)

o (V)

.. (V1)

. (VIII)

} ... (3.10)
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where
L =Q+y—(,—(R+t0)){, p;1), A+ 5 -0, —(R+1l,)v,q;1), (311

(—A-k—t,—0,—(R+tl)o,u;1),(1—pu—L,—(R+tl)n,v;1)
L, =(1+y - (R+t£))¢, p;1), (1+ 85— (R+t/))v,q;1),

.. (3.12)
(-A—pu—k—=(l,+l;+0,)—(R+t0,) (o +n),u+V;1)

The conditions of validity of Eq (3.10) are
(@) Re (4,4) >0
(b) min {o, 1, {,v, u,v, p, q} = 0 (not all zero simultaneously)
(©) 1+Re(4 +k)+Re(o)+u_min Re (b;/3,) >0
1<j<M
Re(u)+ Re(n)+v 15}iQM Re (b;/3;)>0

c(b-a)||g(b-a)
ac+d |'| bg+f

(d) max {

}<1,b £ a.

(e) Ifk+m;n¢—1,—2,...;kim;n¢0,J_rl,J_rz,...- 2k +2#0,-1-2,...

lz-1>2,

PROOF. To evaluate the integral, the generalized polynomial set S:ﬂ‘r [z] is replaced by its series representation

form using Eq(2.6), H -function is replaced by its Mellin-Barnes contour integral form using Eq(2.2)and Qli“‘” (Z)

is replaced by its hypergeometric function form using Eq(2.10)in the left hand side of Eq(3.10). Then the powers of
(x—a), (b—x), (cx+d) and (gx+f) are collected. In the resulting expression the order of integration and summation is
interchanged (which is permissible under the conditions stated with (3.3)). The integral is simplified using Eqs (3.4) ,
(3.5) and (3.6) .
The beta function is simplified in terms of gamma function and resulting Mellin-Barnes contour integral is
interpreted as H -function. After little simplification the right hand side of Eq(3.10) is obtained.
D. Fourth Integral

N L i ) S s:,,,[y (ex-+d)” (g + f)“}

P (ex+d) (gx+ )’ (x—a-1)2 (x=a)"(b—x)’

x g {Z(C“d)”(gx”)q} k”“’”(l_ijdx

PQ (x—a)"(b—x)" X—a

=(b—a)“k“‘ (ac+d) (bg + f)’ e™2 {%5™] _1)’[“%*1] F(k 4m=n +1j

i ( +1j r( m+”+1+z3j Y 3y -sn),

by by 33y 1l 040 F(2k+2+€ ) IAVRVATA

 (ac+d) ™" (bg + )" 9 (b,,b, a;,,) [C(a—b)jh gtb-a))*
(b— a)(R”fl)(‘””)*”S ac+d bg + f
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P q aj.aj A LN . (a).aj N+1‘p‘|:;
{5 (ac+d)°(bg + f)* [@icimnn @iap .. (3.13)
P+3.Q+4 (b—a)'" G, 07 (6]} BM 1.0
where
L =(r—(R+t,)¢, p), (6 - (R+tl)v,q), (I+A+pu+k+0,+0,+0,—(R+t0,) (0 +n),u+V) .. (3.14)
L= (r+4,—(R+t0)C,p), (6 +1,—(R+tl)0,q), A+ A+K+ 0, + 0, —(R+tl)o,u), (u+0,—(R+tl)n,V),
.. (3.15)

and € (b,,b,,a,a,),R and Z are as given in Egs (2.7), (2.8) and (2.9) respectively.
b ,by 2,8,

The conditions of validity for (3.13) are

(@) Re(A,u) >0

(o) min{o,n,{,v,u,v,p,q} > 0 (not all zero simultaneously)

a -1
(c) 1+Re(4 +k)—Ro —u max Re ( ) ]> 0
1<j<N aj

Re(u)—Re(n7)—v max Re (aj _1] >0

15] <N a,
(d) max{ c(b—a)|’ 9(b—a) }<1,b #a.
ac+d| bg + f
() |fk+m+n¢—1,—2,...;kim2_n;tO,J_rl,J_rZ,...; 2k +2#0,~1-2,...
lz-1>2,

PROOF. The integral (3.13) can be evaluated in a similar way as that of the third integral.

E. Applications

The results obtained from these integrals can be applied to obtain Riemann-Liouville fractional calculus operator of
unified functions. Some of the examples are shown below.

(i) Takingb =2z n=v=0inEq(3.1), the Riemann-Liouville fractional calculus operator of order —p of a unified

function is obtained as

D" (z—-a)**(cz+d) (g ﬂf)ﬁsul,,.,u[ (z-a)"
o (z-a-1); s | Pez ey (gz+ f)n

y (z;—a)"f }H[ 7" (z-a)" } km'”(l—i)}
(cz+d)"(gz+ f)* | ™| (cz+d)"(gz+ f)* z—a

m-n m+n
MmNy TR _ B [k— +1) F(k+ +1+£3J
=em’”2[ 2 j(—1) (k 2 1)F(k +u+ljr(u) 3 2 ‘ 2
2 = (2k+2+10,)0,!
[Vi/u4]
(Z_a)lw#ﬁk (gz+ f)(S Z (_Vl)Ulkl'“(_Vr)U,k,A[V1‘kl;"';vr'kr]
k;=0
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r yi(z—a)™™ = (-1)"*(u),, (cz-a)\"(g(z—d) E
1_[{k,!(aand)ﬂ*k' (gz + f)Hh }ﬁl%‘io AYN (ac+d) ( gz+ f j

1=1

XHM,M { Z(z-a)

L’l\(a]ﬂjiA])LN\(aj‘“j)N+l‘P (51)
(ac+d)P(gz+ f)*

(bj.Bj)m . (bj.Bj:Bj )M+1‘Q‘LI2

P+3,Q+3

where
Li=Q+y—-¢, 24k, p;1), (-A-k-¢0, -0, - 20k, ,u;1), 1+ 5 -1, —Zuk,,q;1)

L, = @+8 -2k, 1), (1+y —SAk, pil),(A—A—p—k—0,— 0, — 0, — ok, u;l)

(i) Taking b =z, n =v =0 in Eq (3.10), the Riemann-Liouville fractional calculus operator of order —p of a

unified function is obtained as

o) (z-a)(cz+d) (g 2f)° Sw[ (z—a)” }
ane (z—a—l)g " (CZ+d)¢(gZ+1)U

e e ]
P (cz+d)"(gz+ f)" z-a

m-n

_emip 17 (—1)’[“3”] F(k o > : +1JF(ﬂ) (z-a)"(ac+d) (gz+ 1)’

m-—n m+n
v O(b,.b,.a,8,) y* " (3, -sn), (k_ 2 ”lar(k* 2 +M3)
IRYRYRTR T(2k+2+1,)

byby a8, fy,05,03,04=0

(_l)/z (Z _ a)f3+(R-¢-t£1)a(/u)€4 (C(Z _ a))fz (g(z _ a)ju

(ac+d)®e (gz + £)R | ac+d gz + f

g 7 (z-a)"
' (ac+d)"(gz + f)*

Us.(aj.ajiA) LN (3] @) NP :| (52)

(bj.Bjnm.(bj.Bj:Bj )M+1‘Q‘L‘4

P+3Q+3

where

Ly =(1+y -0, - (R+t0,)¢, pi1), (1+8 0, —(R+t)v,q;1),(~A—k = £, — £, — (R +t/,)o,u;1)
L, =(1+y - (R+t£)¢, pil), A+ —(R+t0)o,ql), (A —pu—k—0, =0, — 0, —(R+1tl,) o,u;1)

and other symbols &(b,,b,,a,,a,), R and z are same as given in Eqgs(2.7), (2.8) and (2.9) respectively.
b ,b,,a,a,

The conditions of validity of Eqs(5.1) and (5.2) can be obtained from those stated with (3.1) and (3.10).

Riemann-Liouville fractional calculus operator for the results given by (3.7) and (3.13) can also be obtained in

similar manner as discussed above.
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IV.CONCLUSION
In this paper we establish four unified finite integrals involving the product of a general class of a multivariable

polynomials, H function, generalized associated Legendre function of second kind and generalized polynomial set.
A number of several other integrals can also be obtained as special cases of our main results. Since functions and
polynomials occurring in these integrals are general in nature, these results can be extended further to provide
interesting unifications and extensions of a large number of new and known results.
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