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Abstract-The properties of radially polarized doughnut shaped beam tightly focused through a uniaxial birefringent 

crystal system is studied numerically by the use of vectorial diffraction theory for small birefringence condition. It is  

observed that many novel focal patterns such as sub wavelength scale focal spot, focal hole and  flattop profiled focal spot 

evolved considerably when properly choosing the doughnut angle (0) of incident Doughnut Gaussian (DG) beam  .We 

also observed that axial shifting of generated focal patterns is possible with increasing the birefringence value [Δn] of the 

uniaxial crystal. We expect such a possibility of tuning and shifting the generated focal patterns finds possible 

applications in optical trapping and manipulating of particles and in material processing. 

Keywords: Uniaxial birefringent crystal; Radially polarized laser; Doughnut Gaussian Beam, focal shift. 

 

I. INTRODUCTION 

Tight focusing of laser beam has been an academically interesting topic because of its wide potential applications in 

optical trapping, optical data storage, and high-resolution microscopy [1-6]. Recently, researches have increasingly 

focused on tight focusing of radially polarized beams [2,7,8]. A sub wavelength focal spot with long focal depth can 

be obtained using radially polarized beams [7-9]. Tightly focused radially polarized beams have been many possible 

applications, such as optical trapping [10,11] and  High-resolution microscopy [12,13]. In many optical imaging 

systems focal shift can be used to adjust field distance without mechanical component change. In optical trapping 

system, focal shift accompanying with focal switch will be used to transporting the trapped particles. For certain 

geometric parameters of the beam, the focal shift occurs and can be adjusted by phase shift and polarized direction 

by  inserting the  phase filters, amplitude filters or 4 pi configuration in the pupil plane of the objective [14-21]. 

However, the presence of phase filters or amplitude filters makes some applications more difficult or even 

impossible. However it is reported that the performance of 4 pi microscopy is significantly affected by 

aberration[22.23] .On the other hand, optically uniaxial crystals are capable of shifting the focal structure without 

employing additional amplitude or phase filters [24-28]. The variation of birefringence produce the focal shift, 

because of the phase difference (ΔW) between the ordinary and extraordinary modes in the uniaxial birefringent 

crystal. The properties of light beams propagating in birefringent materials have attracted many researchers for years 

[25,29,30]. The transmission of 2D and 3D Gaussian beams in to a uniaxial crystal system was developed by 

Stamnes and Dhayalan et.al., [31,32].A. Ciattoni et.al., analyzed the propagation of cylindrically symmetrical fields 

such as  radial and azimuthally polarized vortex beam in the uniaxial crystal system [33,34]. The propagation of 

various kinds of laser beams in uniaxial crystals has been reported [35-37]. Recently, a new kind of radially 

polarized beam called doughnut Gaussian (DG) beam is introduced in a high NA focusing system to produce sub 

wavelength focal spot, focal hole and multiple spots [38,39].In this paper, based on the theoretical model of Ref. 

[25,27]  we extend the analysis of tight focusing properties of radially polarized doughnut shaped beams through a 

uniaxial birefringent crystal. It is shown that the intensity distribution of focal structure in the focal region can be 

tuned and  shift along the longitudinal axis with increasing the birefringence value [Δn]. 

 

II.THEORY 

 
Fig 1: shows the schematic diagram of the focusing system 
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Here the radially polarized doughnut shaped beams is assumed to focus from medium 1 into medium 2 see Fig 1. 

Medium 1 is isotropic where as medium 2 is a uniaxial birefringent with its uniaxial symmetrical axis along optical 

axis. Here d is the probe depth which is the distance between the interface and geometrical focus. 
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Here
E

o is a constant related to the focal length and the wavelength, α =
1

sin ( )NA


 is the maximal angle determined 

by the NA of the objective, 
t
p  is the amplitude transmission coefficient for parallel polarization state which is given 

by the Fresnel equations [25] 
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W
p = W + ΔW and

W
s = W are the aberration functions of p- and s-polarizations respectively. Here W is the 

aberration function caused by the mismatch of the refractive indices medium 1 and medium 2,where ΔW is the 

phase difference between the ordinary and extraordinary modes in the uniaxial birefringent medium 2.W and ΔW 

are expressed as[25] 
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where k = 2π/λ is the wave number in vacuum and d is the distance between the interface and the geometric focus 

;where Δn= 0
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represents the difference between the refractive indices of ordinary and extraordinary modes in 

the medium 2 which is the so-called birefringence (the ordinary and extraordinary refractive indices are 0n
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     is the pupil function of the incident doughnut Gaussian beam and is given by 

[38]. where o


 reflects the beam size at the beam waist of the Gaussian beam. o


 relates with the radius of the DG 

beam. Obviously, the shape of the defined doughnut Gaussian beam is determined by o


 and o


. The focal 

properties are evaluated numerically for the incident radially polarized doughnut Gaussian beam by solving the 

above equations using the parameters NA = 0.95, 1n
= 1, 2n

= 1.5,  λ = 632 nm, d = 150 μm. 
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III. RESULTS AND DISCUSSION 

 

 

Fig (2): (a-c) are 3D Intensity distribution in the x-z plane corresponding to Δn=0 and for zE
=0.2, 0.84, 1.3. Fig (2): 

(d-f) are the corresponding axial intensity distribution. Fig (2): (g-i )are the intensity distribution in the transverse 

direction measured at the point of maximum axial intensity. 

 

 

Fig (3): (a-c) are 3D Intensity distribution in the x-z plane corresponding to Δn=15 and for o =0.2, 0.84, 1.3. Fig 

(3): (d-f) are the corresponding axial intensity distribution. Fig(3): (g-i )are the intensity distribution in the transverse 

direction measured at the point of maximum axial intensity. 

 

 

Fig 2 and Fig 3 shows the focal structure obtained for incident radially polarized doughnut Gaussian beam with 

different doughnut angle o


in absence and presence of axial birefringence n . The position of the maximum field 

intensity depends on o . For o = 0, the beam governed by Eq. (1) is a conventional Gaussian beam. The width of 

the DG beam is determined by o . In order to study the effect of the amplitude profile of the DG beam and those 

two parameters of the DG beam, here we fix the parameters NA =0.95 and 
0.15o 

. Fig (2) shows the focal 

structure obtained for the DG beam with and for different o in the absence of axial birefringence.It is noted from 

Fig 2 (a, d and g ) when θ0 = 0.2, the generated focal structure is a focal  hole having a slight residual intensity at the 

centre. The FWHM of the focal hole is noted as 0.90   where as its focal depth is 14.5  .It is noted from Fig 2 ( g) 

the formation of focal hole is due to the domination of
E

 component having central minimum. However the 

residual intensity at the centre is due to the presence of weak longitudinal component 
Ez  having central maximum. 

It is also noted from Fig 2 (b,e,h ) that increasing  
0.84o 

, the generated focal segment is a flat topped profile 

having FWHM of 0.97   and focal depth of 4.49  . It is observed from Fig 2 (h) the formation of flat top profile is 
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due to the adjustment of 
Er and 

Ez  component in such a way the resultant focal structure is a  flat-topped one in the 

radial axis. It is noted from Fig  2 (h) though the 
Ez component dominates the focal structure the proportion of the 

Er  component is such that the resultant total intensity structure is a flat-topped profile in radial axis. Fig 2 (c,f,i) 

shows that further increasing o  to 1.3 generated a sharp focal spot having FWHM of  0.67   and focal depth of 

12.3  .From Fig  2 (i) it is noted that the formation of focal spot is due to the  much dominating 
Ez  component. 

Fig 3 (a,d,i) shows the same as Fig 2 but for Δn=15. It is noted that the presence of axial birefringence shifted the 

maximum axial intensity of the generated focal hole to 7.5  . It is noted that the FWHM of the generated focal hole 

is 0.90  with focal depth of 14.5  .Hence the presence of axial birefringence axially shifted the generated focal hole 

.Such a focal  hole structure and its axial shifting is useful for trapping and manipulating particles of having 

refractive index lower than the ambient, cold atoms and in high resolution STED microscopy [21,41,42,43].Fig 3 

(b,e,j) shows the presence of axial birefringence does not produce any structural change but it shifted the generated 

flat topped profile shape  axially to a distance of 9.5   from the geometrical plane. Such a flat top structure and axial 

shifting of the same is useful in tunable optical trapping, material processing, micro lithography, medical treatment 

[21,44-46]. Fig 3 (c,f,k) shows the presence of axial birefringence does not produce any structural change but it 

shifted the generated sharp focal spot from geometrical plane to 10.3  . Such a sharp focal spot and its axial shifting 

having many applications [14,19,20,47-49]. 

 
Fig 4: Dependence of the focal shift on the birefringence. The parameters for the calculation are the same as Fig. 2. 

 

Fig 4 shows the relation between the focal shift and birefringence Δn. It can be seen that the focal shift increases 

with the increase of birefringence Δn and doughnut angle o  .The variation of birefringence has influence on the 

focal shift, because the phase difference ΔW between the ordinary and extraordinary modes in the uniaxial 

birefringent crystal.  

Birefringence 
3(10 )n 

 

Position of Maximum Intensity Shifted(λ) 

 Doughnut angle 

 0.20o 
  

(focal hole) 

0.84o 
 

(flat top) 

1.30o 
 

(focal spot) 

0 0 0 0 

5 2.6 3.1 3.4 

10 5.2 6.3 6.8 

15 7.9 9.5 10.3 

Table- 1. Showing the focal shift for different n  and for o  

Table (1) shows the focal shift values for different birefringence value Δn and different doughnut angle o  

   Hence the  proposed system utilizing proper amplitude profile of incident beam and an uniaxial crystal system is 

much simpler and avoids the difficulties in fabricating  and aligning various complex phase and amplitude filters and 

also the  complicated  4 pi microscopic systems conventionally used to tune the focal patterns. 

 

IV. CONCLUSION 

In this article, the properties of tightly focused radially polarized doughnut Gaussian beam tightly focused through 

an uniaxial birefringent crystal is investigated  numerically  using vector diffraction theory. It is found from the 

numerical simulations, axial birefringence induce the focal shift along the longitudinal axis with increasing the 
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birefringence value [Δn]. In addition novel focal structures such as axially extended focal spot, focal hole, flattop 

profile can also obtained by changing the doughnut angle. 
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