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Abstract- HAM and HPM are implemented for solving Kaup-Boussinesq system. The two methods are successfully 

applied for solving this kind of problems. Both were very convenient and accurate. The approximate solution is 

considered as an infinite series usually converge to the exact solution by these methods. As a result, we have seen that the 

efficiency and accuracy of HAM is more than HPM because it contains auxiliary parameter , that is why HAM 

considered to be more general. 
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I. INTRODUCTION: 

Partial differential equations (PDEs) are widespread in most fields of science including: engineering, Finance and 

economics. The natural phenomena and model multidimensional dynamical systems are often described by PDEs 

[1]. 

Most of these problems do not have analytical solutions excluding a partial number of them. While the most 

challenging task for this class of equation is finding analytical solutions. Recently, there are various suggestions of 

methods for the analytical solutions of nonlinear differential equations which might not be influenced by the 

existence of small or large parameter in the equation [13]. A graphic example of this is Homotopy analysis method 

(HAM) [22]Another example as [9] mentioned is homotopy perturbation method.  

[15]states that Homotopy method is one of the most resent common techniques, which is a collection of the classical 

perturbation technique and homotopy concept that used in topology. Moreover, this technique has been firstly 

proposed by [22], named the homotopy analysis method (HAM). Then later this method was used by several authors 

for solving differential equations. One of the benefits of analytical method over perturbation methods is that this 

method is not relying on small or large parameters. Furthermore, all nonlinear equations cannot be solved by 

perturbation methods, because they are based on existence of small or large parameter[14]. However, unperturbation 

methods including, expansion and ADM, have independency over small parameters. Secondly, it can guarantee 

that the convergence of solution series in the convenient way by applying HAM, and by this aspect it differs from 

other analytical techniques. Moreover, as it based on homotopy in topology, it is giving as freedom in selecting 

equation types of linear sub-problems, base function of solution, initial guess and so on, that is why many 

sophisticated types of equations such as: ODEs and PDEs often solves in a simple way [21]. 

J.H.He[9] has proposed and developed Homotopy perturbation method. As it is a combination of the traditional 

perturbation method and homotopy in topology, it can be changed continuously to a soft problem, which can be 

solved in an easy way. And because it is known as an effective and reliable method, it can be used in solving 

differential, ordinary, partial and integral equation, linear or nonlinear such as: [18, 4, 17, 3]. And also as a powerful 

method, it considers the approximate solution of nonlinear problems as an infinite series usually converge to the 

exact solution. 

The Taylor series is a base of the both methods with respecting to an embedding parameter. Moreover, if auxiliary 

linear operator and initial guess are good enough, by a few terms both methods can give extremely good 

approximation. And because the HAM is fundamentally contain the auxiliary parameter , which lets us to adjust 

and control the convergence region and rate of solution series in an easy way, that is why it is not necessarily for the 

HAM to contain a good initial guess, while this aspect differs it from HPM, because HPM had to use a good enough 

initial guess. So, the homotopy analysis method is more general [20]. 

A completely integrable system of nonlinear partial differential equations is called Kaup-Bousinesq system [23].  Is 

a model for long waves propagating at the surface of perfect fluid [2].also KB is one of the hydrodynamical models 

as it arise in the theory of water waves [23]. 

 

 (1) 
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With the initial conditions: 

, 

And 

 

Where  indicate to the height of the water surface above a horizontal bottom,  is related to the 

horizontal velocity field and  is constant. 

It is called the Kaup-Boussinesq system because they have been used Boussinesq scaling in the derivation, and it has 

been studying by Kaup[6]. It has also been used by L. J. F. Broer[12]. Also as it goes to the family of long-waves 

models established by Boussinesq, drawn-out by [5, 16] and many others. 

In recent years, the KB system has been the subject for many other researches. [8] Work on Solitary-wave solution 

to a dual equation of the KB system. And [7] work on travelling wave solution of nonlinear systems of PDEs by 

using the factional variable method.  

It has been proven that the HAM and HPM are powerful and convenient methods in their applications. The aim of 

this paper is using HAM and HPM numerically for solving Kaup-Boussinesq system, and compared the both 

methods with the exact solution. Also the accuracy of the presented methods at different values of and fixed time  

was discussed. 

 

II. PROPOSED ALGORITHM 

2.1 Basic idea of Homotopy perturbation method- 

To clarify the basic concept of thehomotopy perturbation method, consider the following nonlinear differential 

equation [10] 

,  (2) 

With boundary conditions: 

 (3)  

Where  is a general differential operator, is a known analytical function,  is a boundary operator and  is the 

boundary of the domain .The operator  can be divided into two parts and , where  is a linearand  is a 

nonlinear operator. Therefore (2) can be written as follow: 

. 

We construct a homotopy , which satisfies: 

 

,  (4) 

In which  is called homotopy parameter and  is an initial approximation of (2) satisfying the given 

conditions. From (2), we have 

 

. 

The changing process of  from zero to unity is just that of  from to . In topology, this is called 

deformation.And ,  are called homotopic. According to HPM, as a small parameterwe can 

firstly use the embedding parameter , and assume that the Solution of (4) can be written as a power series in  as 

follows: 

 

Putting results in the approximate solution in the form of: 

 
[11] has proved the convergence of the above equation. 

 

2.2 Basic idea of Homotopy analysis method- 

To illustrate the main idea of the homotopy analysis method we consider the following nonlinear equation. 
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Where  is a nonlinear operator,  and t indicate as independent variables,  is unknown function. The so-

called a zero-order deformation was constructed by [19]: 

 (5)                                              

Where  denote an auxiliary parameter,  is an embedding parameter,  is an auxiliary function, 

 is an auxiliary linear operator,  is unknown function and  is an initial guess of . The 

importance of the HAM is in that one has freedom to choose auxiliary parameter . If  and , it holds 

 (6) 

Thus as  increases from to , the solute`on  varies from the initial guess  to the solution . 

Expanding  in Taylor series with respect to , one has  

 (7) 

Where  

 

If the auxiliary linear operator, the initial guess, the auxiliary parameter , and the auxiliary   are so properly 

chosen, then the series (7) converges at , one has 

 (8) 

When we take  and  the equation (5) becomes: 

, 

 This is mostly used in HPM. 

According to (8), the governing equation and the corresponding initial condition of  can be deduced from the 

zero-order deformation, (5) define the vector 

 

Differentiating (5)  times with respect to the embedding parameter  and then setting  and finally dividing 

them by , we have the so-called th-order deformation equation  

 (9)   

Where 

 
And 

 (10) 

It should be emphasized that  for  is governed the linear equation (9) with the linear boundary 

conditions that comes from the original problem, which can be easily solved, especially by means of symbolic 

computation software such as Matlab. 

 

III. EXPERIMENT AND RESULT 

The following example is solved numerically by the presented methods: 

, 

. 

With the initial points: 

, 

And 

. 
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Where , and with the soliton solutions: 

 
And 

. 

3.1 The solution of the Kaup-Boussinesq system by HPM- 

For solving system (1) by HPM we construct the following homotopies: 

, 

And  

. 

 ,    ,  , 

, . 

Then 

,                                                                (11) 

And 

.                                                                                (12) 

Where 

, 

And 

. 

Let's present the solution of the system (11), (12) as the following: 

 
And 

 
And by substituting the above equations into (11) and (12), respectively, we get: 

, 

 

                       

                      , 

And   

, 

 

                     . 

By equating the same powers of , we get: 

 (13) 
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 (14) 

 (15) 

 (16) 

 (17) 

 (18) 

By the same way find  and so on. 
By integrating both side of the equation (13), we get: 

,  

Same for equation (14), we get: 

,  

And from (15) by integrating both sides of the equation we get: 

, 

Then  

By integrating both sides of the equation (16) we get: 

,   

After we have found and ,we have to put them into (17) and (18) to find ,  and so on. 

Thus, we can obtain 

 
Also  

 

3.2 Solution of the Kaup-Boussinesq system by HAM- 

To solve the KB system by HAM, which was constructed by Liao [22]. First we will start with the following 

deformation equations,  

 (19) 

 (20) 

Where ,  are two nonlinear operators,  and  indicate to be independent variables,  and  are 

auxiliary functions,  is the embedding parameter,  is an auxiliary parameter,  and  are 

initial guesses of  and , respectively. The functions  and  are known functions and  

and  are auxiliary operators that are defined as follows: 

,   . 

Which satisfies: 

, . 

Where  and  are integral constants. When and , we get: 

,  , 

,  . 

As increase from to , the solution of KB will be vary from the initial guesses  and  to the exact 

solution  and  expanding and  as a Taylor series with respect to , gives 

, 
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, 

Thus 

 (21) 

 (22) 

Where  

 (23) 

 (24) 

If  

 (25) 

 (26) 

Which should be one of the solutions of coupled KB system (1). For further analysis, the vectors  

, 

, 

Are defined. Differentiating equations (19) and (20) -times with respect to the parameter  and then setting  

and finally dividing them by we have the kth-order deformation equations:. 

 (27) 

 (28) 

With the initial conditions  

, 

, 

Now, while applying this method on the KB system when the nonlinear operators as we defined before are: 

, 

, 

Where , , by using the above definition, we construct the equations (19), (20), (27) and 

(28). 

Now the solution of the th order deformation equation are 

 (29) 

 (30) 

, and selecting  

Where  is defined in the equation (10) 

While 

 

                                                                      (31) 

And  

 (32) 

Put  in equations (29) and (30) and start with the initial approximations  and  to get  and 

 as: 

 (33) 
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 (34) 

Put in to the equation (29) and (30) by using  and  we will get: 

 (35) 

 (36) 

By the same way find  and so on 

Then the approximate solution of equation (1) by HAM is: 

 

            
And 

,  

           

3.3 Applying the Homotopy perturbation  method- 

By applying HPM to the example we get: 

, , 

Then 

. 

For finding  when we have: 

, , 

Then  

 . 

For finding  and  take: 

, 

By taking integral of both sides: 

, 

, 

Then  

 

                  
And 

, 

By integrating both sides we get: 

, 

. 

By the same way find  . 

Then the approximate solutions of the HPM are: 

 

. 



International Journal of Innovations in Engineering and Technology (IJIET)  

http://dx.doi.org/10.21172/ijiet.134.12 

Volume 13 Issue 4 July 2019 083 ISSN: 2319-1058 

3.4 Applying the Homotopy analysis method- 

When  put in (31) and (32) to find  and  

 , 

And  

 . 

While , and , 

Then  

, 

And from (33) we get: 

, 

Then 

 
And 

. 

Then from (34) we get: 

, 

. 

By the same way find ,  and so on.  

                 
Figure (1): Solution for by HAM Figure (2): Solution for  by HPM Figure (3): Solution for  by HPM  

                 
Figure (4):Exact solution for    Figure (5): Solution for  by HAM    Figure (6):Exact solution for 
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Figure (7): Absolute errors between Exact solution and HAM for . 

 
Figure (8): Absolute errors between Exact solution and HPM  for . 

 

 
Figure (9): Absolute errors between Exact solution and HPM for . 

 

 
Figure (10): Absolute errors between Exact solution and HAM for . 
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Figure (11): Zooming curves for Exact, HPM and (HAM for  when ,  and                  

. 

 
Figure (12): Zooming curves for Exact, HPM and (HAM for  when ,  and                    

. 

Table (1): Absolute errors between exact and approximation solutions by HPM and ( HAM )  when  

 and  for . 
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Table (2): Absolute errors between exact and approximation solutions by HPM and ( HAM )  when 

 and  for . 

 
 

IV. CONCLUSION 

In this paper, The HPM and HAM, which are two powerful numerical methods, have been used for solving Kaup-

Boussinesq system. By applying these methods on the Kaup-Boussinesq system we have got the required results. 

The results were convenient and showed that both methods were suitable and effective for solving such kind of 

problems. But HAM appeared to be more accurate and efficient than HPM because it contains auxiliary parameter 

, which provides us with a simple way to adjust and control the convergence region of solution series. And when 

 showed that the series of HPM is exactly as HAM, as it appear in table (1, 2), that is why HPM is a special 

case of HAM. 
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