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Abstract- This paper has two sections A and B. Section A deals with the study of formulating special Dio-quadruples 

 dcba ,,,  generated through Euler polynomials such that the product of any two of the set minus their sum and 

increased by two is a perfect square. Section B concerns with constructing special Dio- quadruples 
 dcba ,,,  generated 

through Euler polynomials such that the product of any two of the set minus their sum and increased by five is a perfect 

square. 

Keywords – Dio-quadruples, Pell equation. 

 

I. INTRODUCTION 

 The problem of constructing the sets with property that the product of any two of its distinct elements is one less 

than a square has a very long history and such sets were studied by Diophantus [1].A set of m positive integers 

 maaa ,.......,, 21 is said to have the property 
   0,  znnD

 if 
naa ji 

, a perfect square for all 
mji 1

and 

such a set is called a Diophantine m -tuples with property 
 nD

 . Many mathematicians considered the construction 

of different formulations of Diophantine quadruples with the property 
 nD

for any arbitrary integer n  and also for 

any linear polynomials in n . This paper aims at constructing special Dio-quadruples where the special mention is 

provided because it differs from the earlier one and the special Dio-quadruples is constructed where the product of 

any two members of the quadruple with the addition or subtraction of members and increased by a non-zero integer 

or a polynomial with integer coefficients satisfies the required property [2-4]. In particular, given two Euler 

polynomials, this paper searches for four distinct polynomials with integer coefficients such that the product of any 

two polynomials minus their sum and increased by two and five respectively is a perfect square.  

 

II. SECTION A : FORMULATION OF 
 2D

 DIO-QUADRUPLES 

 

Consider the Euler polynomials 
)(1 xE

and 
)(2 xE

given by 

2

1
)(1  xxE

, 
xxxE  2

2 )(
 

Let 
  144)(2 22

1  xxxEa
 and 

xxxEb  2

2 )(
 be two polynomials such that 

  2 baab
is a perfect 

square. 

Let 
)(xcN be any non-zero polynomial such that 

  22)(1 NN paxca 
 (1) 

  22)(1 NN qbxcb 
 (2) 

 

Eliminating 
)(xcN from (1) and (2), we get 

     abqapb NN  22 11
 (3) 

Setting  

  NNN TaXp 1
 (4) 

  NNN TbXq 1
 (5) 
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in (3), we have 

   111 22  NN TabX
 (6)  

whose  initial solution is 
122,1 2

00  xxXT
    

The general solution of (6) is 

NN fX
2

1


, 
  

NN g
ba

T
112

1




 (7) 

where 

       

        1

00

1

00

1

00

1

00

1111

1111









NN

N

NN

N

TbaXTbaXg

TbaXTbaXf

 
Substitution of (7) in (4) gives 

 
  

NNN g
ba

afp
112

1
1

2

1




 (8) 

From (8) and (1) we get 

 
 
 1

1
1

2






a

p
xc N

N

 (9) 

Substituting 0N in (9) we have, 

 
 
 1

1
1

2

0
0






a

p
xc

 

(i.e) 
    29 2

0  xxxc
 

Note that the tuple 
 )(,, 0 xcba

 is Dio-triple with property 
 2D

. 

Again, substituting 
2,1N

 in (9) and simplifying we get, 

          776192144 2

2

2

3

21  xExExExc
 

                11556481556481 2

2

2

3

22

2

22  xExExExExExc
 

It is seen that 
 )(),(,, 10 xcxcba

 and 
 )(),(,, 21 xcxcba

 represent Dio-quadruples with property 
 2D

 respectively. 

In general, it is observed that the quadruple 
  ,........3,2,1,)(),(,, 1  Nxcxcba NN  is a Dio-quadruple with property 

 2D
. Some numerical examples are given in Table 1 below: 

 

Table 1:  2D  Dio-quadruples 

x   )(),(,, 10 xcxcba
 

 )(),(,, 21 xcxcba
 

 )(),(,, 32 xcxcba
 

2 (9,2,16,529) (9,2,529,17956) (9,2,17956,609961) 

3 (25,6,52,24641) (25,6,24641,11876488) (25,6,11876488,5724442153) 

 

III. SECTION B: FORMULATION OF  5D  DIO-QUADRUPLES 

Consider the Euler polynomials 
)(0 xE

and 
)(1 xE

given by 

   
1)(0 xE

, 2

1
)(1  xxE

 

Let 
1)(0  xEa

and 
  12)(2 1  xxEb

 be two polynomials such that 
  5 baab

 is a perfect square. 

Let c be any polynomial. Observe that, 
  5 caac

 is automatically a perfect square. 

Now, consider 

  25 pcbbc 
 (10) 
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After some calculations, it is seen that (10) is satisfied when 32  xc . 

Note that the triple 
 32,12,1  xx

 is a Dio-triple with property
 5D

. 

Let d  be any non-zero polynomial such that  

  25  dbbd
 (11) 

  25  dccd
 (12) 

Eliminating d between the above two equations we have, 

    162222 22   xx
 (13) 

Taking  

 TxX 22 
 (14) 

 TxX 22 
 (15) 

in (13), we get 

  444 222  TxX
 

which is satisfied by 

xXT 2,1 
 (16) 

 

Using (16) in (14) and in view of (11), one obtains 

18  xd  

Observe that 
 18,32,12,1  xxx

 is a Dio-quadruple with property 
 5D

. 

The repetition of the above process leads to the generation of Dio-quadruples given by 
 718,18,32,1  xxx

, 

 1150,718,18,1  xxx
, 
 33128,1150,718,1  xxx

 and so on. 

 

IV. CONCLUSION 

In this paper, we have illustrated the process of obtaining special Dio-quadruples with properties 
 2D

 and 

 5D
generated through Euler polynomials 

)(,)( 21 xExE
 and 

)(,)( 10 xExE
. To conclude, one may search for special 

Dio-quadruples with suitable properties by employing Euler polynomials. 
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